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Abstract But what if Alice is a quantum advisor, who can send
Bob a quantum statp ;i? Even in that case, Ambainis

This paper introduces a new technique for removing ex- et al. [4] showed that Alice has to sen@ "=n) qubits for
istential quanti ers over quantum states. Using this tech- Bob to succeed with probability at lea®8t3 on everyx.
nique, we show that there is no way to pack an exponentialSubsequently Nayak [11] improved this t2 "), mean-
number of bits into a polynomial-size quantum state, in suching that there is no quantum improvement over the classical
a way that the value of any one of those bits can later be bound. Sinc@" qubits is too many for Alice to communi-
proven with the help of a polynomial-size quantum witness. cate during her weekly meetings with Bob, it seems Bob is
We also show that any problem @MA with polynomial- out of luck.
size quantum advice, is also RSPACEwith polynomial- So in desperation, Bob turns for help to Merlin, the star
size classical advice. This builds on our earlier resultttha student in his department. Merlin knowsas well asx,
BQP=gpoly PP=poly, and offers an intriguing counter- and can thus evaluafe(x). The trouble is that Merlin

point to the recent discovery of Raz tiiaP=qpoly= ALL. would prefer to take credit for evaluatifig(x) himself, so
Finally, we show thaQCMA=qgpoly = PP=poly and that he might deliberately mislead Bob. Furthermore, Merlin
QMA=rpoly = QMA=poly. (whose brilliance is surpassed only by his ego) insists that

all communication with lesser students be one-way: Bob

is to listen in silence while Merlin lectures him. On the
1. Introduction other hand, Merlin has no time to give an exponentially long
lecture, any more than Alice does.

With “helpers” like these, Bob might ask, who needs ad-
versaries? And yet, is it possible that Bob could play Al-
ice and Merlin against each other—cross-checking Merlin's
speci ¢ but unreliable assertions against Alice's vague bu
reliable advice? In other words, does there exist a random-
ized protocol satisfying the following properties?

Let Bob be a graduate student, anddéie ann-bit string
representing his thesis problem. Bob's goal is to learn
f (x), wheref :f0;1g" ! f 0;1gis a function that maps
every thesis problem to its binary answer (“yes” or “no”).
Bob knowsx (his problem), but is completely ignorantfof
(how to solve the problem). So to evaluétéx), he's go-
ing to need help from his thesis advisor, Alice. Like most () ajice and Merlin both send Bopoly (n) bits.
advisors, Alice is in nitely powerful, wise, and benevoten
But also like most advisors, she's too busy to nd out what (i) If Merlin tells Bob the truth abouf (x), then there
problems her students are working on. Instead, she just  exists a message from Merlin that causes Bob to accept
doles out the same advisgo all of them, which she hopes with probability at leas2=3.
will let them evaluatd (x) for anyx they might encounter.
The question is, how long doasshave to be, for Bob to be
able to evaluaté (x) for anyx?

Clearly, the answer is that has to be2" bits long—
since otherwise will underdetermine the truth table 6f

Indeed, leg (x; s) be Bob's best guess asf(x), givenx Itis relatively easy to show that the answer is no: if Alice

ands. Then even if Alice can chooseprobabilistically,  senqsa bits to Bob and Merlin sends bits, then for Bob
and we only require thag_(x; s) = f (x) with probability to succeed we must haegw + 1) = (2 "). Indeed, this
at leas2=3 for everyx, still one can show tha needs 0 jg pasically tight: for alw 1, there exists a protocol in

(i) If Merlin lies about f (x) (i.e., claims that (x) = 1
whenf (x) = 0 or vice versa), then no message from
Merlin causes Bob to accept with probability greater
than1=3.

be (2 ) bits long. which Merlin sendsv bits and Alice send® 2~ + n bits.
Email: scott@scottaaronson.com. Supported by ARDA, CIAR) Of course, even if Merlin di(_jn't send anything, it would
IQC. Part of this work was done at Caltech. suf ce for Alice to send2" bits. At the other extreme,



if Merlin sends2" bits, then it suf ces for Alice to send Aaronson [1] showed thaBQP=gpoly PP=poly,

an ( n)-bit“ ngerprint” to authenticate Merlin's message. whereBQP=gpolyis the class of problems solvableBQP

But in any event, either Alice or Merlin will have to send an with polynomial-size quantum advice. He also gave an or-

exponentially-long message. acle relative to whictlNP 6 BQP=gpoly. Together, these
On the other hand, what if Alice and Merlin can both results seemed to place strong limits on the power of quan-

sendquantummessages? Our main result will show that, tum advice.

even in this most general scenari@pb is still out of luck However, recently Raz [14] reopened the subject, by
Indeed, if Alice sends qubits to Bob, and Merlin sends showing that in some cases quantum advice can be ex-
w qubits, then Bob cannot succeed unlegsv+1) = traordinarily powerful.  In particular, Raz showed that

2"=n? . Apart from then? factor (which we conjec- QIP(2) =gpoly= ALL, whereQIP(2) is the class of prob-
ture can be removed), this implies that no quantum protocollems that admit two-round quantum interactive proof sys-
is asymptotically better than the classical one. It follows tems. Raz's result was actually foreshadowed by an obser-
then, that Bob ought to drop out of grad school and send hisvation in [1], thatPostBQP=gpoly= ALL. HerePostBQP

resume to Google. is the class of problems solvable in quantum polynomial
time, if at any time we can measure the computer's state
1.1. Banishing Merlin and then “postselect” on a particular outcome occurting.

These results should make any complexity theorist a lit-
tle queasy, and not only because jumping frQx® (2) or
PostBQPto ALL is like jumping from a hilltop to the edge
of the universe. A more serious problem is that these
results fail to “commute” with standard complexity inclu-
sions. For example, even thouBbstBQPis strictly con-
Otained inBQEXPEXP, notice thatBQEXPEXP=gpoly is
e(very) strictly contained ifPostBQP=qpoly!

But why should anyone care about this result, apart from
Alice, Bob, Merlin, and the Google recruiters? One reason
is that the proof introduces a new technique for removing
existential quanti ers over quantum states, which might be
useful in other contexts. The basic idea is for Bob to loop
over all possible messages that Merlin could have sent, an
acceptif and only if there exists a message that would caus
him to accept. The problem is that in the quantum case,
the number of possible messages from Merlin is doubly-
exponential. So to loop over all of them, it seems we'd

rst need to amplify Alice's message an exponential num- ~_©On the other hand, the same pathologies would occur
ber of times. But surprisingly, we show that this intuition with classical randomized advice. For neither the result of

is wrong: to account for any possible quantum messageRaZ [14], nor that of_Aaronson_ [1]_, makes any e;sential use
from Merlin, it suf ces to loop over all possiblelassical  ©Of quantum mechanics. Thatis, instead of saying that

messages from Merlin! For, loosely speaking, any quan-
tum state can eventually be detected by the “shadows” it
casts on computational basis states. However, turning thisye could equally well have said that

insight into a “de-Merlinization” procedure requires some

work: we need to amplify Alice's and Merlin's messages in IP (2) =rpoly = PostBPP=rpoly = ALL;

a subtle way, and then deal with the degradation of Alice's ]
message that occurs regardless. wherelP (2) and PostBPP are the classical analogues of

QIP (2) andPostBQPrespectively, andrpoly means “with
1.2. QMA With Quantum Advice polynor_mal-5|ze rgndomlzed _adwce.
Inspired by this observation, here we propose a gen-
) o ) _eral hypothesis: thathenever quantum advice behaves like
~ Inany case, the main motivation for our resultis that it gy onentially-long classical advice, the reason has mathi
implies a new containment in quantum complexity theory: {4 4o with quantum mechanic#ore concretely:
namely that

1.3. The Quantum Advice Hypothesis

QIP(2) =gpoly= PostBQP=gpoly= ALL;

The Quantum Advice Hypothesis:For any “natural”
QMA=gpoly PSPACEpoly: complexity clas<, if C=qpoly= ALL, thenC=rpoly =
ALL as well.
Here QMA is the quantum version oA, and =gpoly Tore s the Droof- aven & Boolean functién: {0 1a" 11 0 1
means “with polynomial-size quantum advice.” Previously, . . proot. given a Boolean function- 19, 2g™ =1 %29,
it was not even known wheth€@MA=qpoly= ALL, where i i = 1
ALL is the class of all languages! Nevertheless, some con- 272 o 0iagn
text might be helpful for understanding why our new con- g the advice. Then to evalugtgx) on anyx, simply measur¢ ni in

tainment is of more than zoological interest. the standard basis, and then postselect on obsejirig the rst register.

jxijf (x)i



The evidence for this hypothesis is simply that we have  Given a complexity clas€, we write C=poly, C=rpoly,
not been able to refute it. In particular, in Appendix and C=gpoly to denoteC with polynomial-size determin-
7 we will show thatQMA=rpoly = QMA=poly. So if istic, randomized, and quantum advice respectivelso
QMA=gpolycontained all languages—which (at least to us) for example,BPP=rpoly is the class of languages decid-
seemed entirely possibke priori—then we would have a able by aBPP machine, given a sample from a distribu-
clear counterexample to the hypothesis. In our view, then,tion D,, over polynomial-size advice strings which depends
the signi cance of theQMA=qgpoly = PSPACE=—poly re- only on the input lengtm. It is clear thaBPP=rpoly =
sult is that it con rms the quantum advice hypothesis in the BPP=poly = P=poly. However, in other cases the state-

most nontrivial case considered so far. mentC=rpoly = C=polyis harder to prove or is even false.
To summarize, the qguantum advice hypothesis has been Admittedly, the =rpoly and =gpoly operators are not
con rmed for at least four complexity classeBQP, QMA, always well-de ned: for exampleP=gpoly is just silly,

PostBQP, andQIP(2). It remains open for other classes, and AM=rpoly seems ambiguous (since who gets to sam-
such aQMA (2) (QMA with two unentangled yes-provers) ple from the advice distribution?). For interactive proof
andQS (QMA with competing yes-prover and no-prover). classes, the general rule we adopt is thially the veri er
gets to “measure” the adviceln other words, the prover (or
provers) knows the advice distributidd, or advice state
j ni,butnotthe actual results of sampling fr@y or mea-
) _ ~suringj ni. Inthe case ofrpoly, the justi cation for this
Section 2 surveys the complexity classes, communi- e is that, if the prover knew the sample fr@y, then we
catl.on comple:'XIty .measures, and quantum information would immediately ge€=rpoly = C=polyfor all interactive
notions used in this paper. proof classe€, which is too boring. In the case sjpoly,

) o the justi cation is that the veri er should be allowed to mea
Section 3 states our “De-Merlinization Theorem,” and surej i atany time and in any basis it likes, and it seems

then proves three of its implications: (i) a lower yererse to require the results of such measurements to be
bound on the QMA communication complexity of ran- relayed instantly to the prover.

dom access coding, (ii) a general lower bound on |, 5 private-coin protocol, the veri er might choose to
QMA com_mumcanon complexny, and (iii) the inclu-  yeyeal some or all of the measurement results to the prover,
sionQMA=gpoly  PSPACE=poly. but in a public-coin protocol, the veri er must send a uni-

) L ) form random message that is uncorrelated with the advice.
Section 4 proves the De-Merlinization Theorem itself. |,4eed this explains how it can be true tHa(2) =rpoly 6
AM-=rpoly (the former equalé\LL, while the latter equals
NP=poly), even though Goldwasser and Sipser [5] famously
. . . showed thatP (2) = AM in the uniform setting.

Appgndlx 7 proves a few other complexity results, in- For the complexity classeS that appear in this paper,
clud|n_gQ|CMA=qpoly PP=poly andQMA=rpoly = it should generally be obvious what we mean®srpoly
QMA=poly. or C=gpoly. But to x ideas, let us now formally de ne

QMA=gpoly.

1.4. Outline of Paper

Section 5 concludes with some open problems.

2. Preliminaries . _
De nition 1 QMA=gpoly is the class of languagéds

. f0;1g for which there exists a polynomial-time quantum

2.1. Complexity Classes veri er Q, together with quantum advice stafgs nig,, ;,
such that for alix 2 f 0; 1g":
We assume familiarity with standard complexity classes

like BQP, P=poly, andMA. The classQMA (Quantum (i) If x 2 L, then there exists a quantum witngss
Merlin-Arthur) consists of all languages for which a “yes' such thatQ accepts with probability at leag=3 given
answer can be veri ed in quantum polynomial time, given jXij nij' i asinput.
a polynomial-size quantum witness stte. The com-
pleteness and soundness errorsla® The clasfQCMA
(Quantum Classical Merlin-Arthur) is the same @QMA,

(i) If x 2 L, then for all pure state’sj' i of the witness
register,Q accepts with probability at modt=3 given

except that now the witness must be classical. Itis not ~ JXIJ nll" 1 asinput.
known WhetheQMA = QCMA. See the Complexity Zdo 3We can also writeC=rlog (for C with logarithmic-size randomized
for more information about these and other classes. advice),C=glog, and so on.
4By linearity, this is equivalent to quantifying over all neidt states of
2http://qwiki.caltech.edu/wiki/ComplexitZ 0o the witness register.



Herej ,i andj' i both consist op(n) qubits for some
xed polynomialp. Also,Q can accept with arbitrary prob-
ability if given a state other than i in the advice register.

One other complexity class we will need?sstBQP, or
BQP with postselection.

De nition 2 PostBQP is the class of languagek

f0;1g for which there exists a polynomial-time quantum
algorithm such that for alk 2 f 0; 1g", when the algorithm
terminates:

(i) The rst qubitisjli with nonzero probability.

(ii) If x 2 L, then conditioned on the rst qubit beindi,
the second qubit igli with probability at leasP=3.

(i) If x 2 L, then conditioned on the rst qubit beirjdi,
the second qubit igli with probability at mosi=3.

One can similarly dene PostBQPSPACE
PostBQEXP, and so on. We will use a result of
Aaronson [2], which characteriz&€ostBQP as simply the
classical complexity clag3P.

2.2. Communication Complexity

Letf : fo;1gY f 0;2g" ! f 0;1g be a Boolean
function. Suppose Alice has aa-bit string X and Bob
has anM -bit stringY. ThenD?(f) is the determinis-
tic one-way communication complexity éf. that is, the
minimum number of bits that Alice must send to Bob, for
Bob to be able to output (X;Y ) with certainty for any

(X;Y) pair. If we let Alice's messages be randomized, and

only require Bob to be correct with probabilig=3, then

we obtainR? (f ), the bounded-error randomized one-way

communication complexity of . Finally, if we let Alice's
messages be quantum, then we ob@ir{f ), the bounded-
error quantum one-way communication complexityf ot
ClearlyQ!(f) R (f) D (f)forallf. See Klauck
[7] for more detailed de nitions of these measures.

@ If f (X;Y) =1, then there existsjai such that Bob

acceptgYij xij' i with probability at leasp=3.
@iy If f(X;Y) = 0, then for allj' i, Bob accepts
jYij xij" i with probability at mosti=3.

Call a protocol {a; w)” if Alice's message consists &
gubits and Merlin's consists af qubits. Then for all inte-
gersw 0,we IetQMA\}v (f ) denotethe QMA ,, one-way
communication complexity” of : that is, the minimunma
for which there exists afa; w) protocol such that Alice and
Bob succeed. Clearl@MAL (f)  Q*(f), with equality
whenw =0.

2.3. Quantum Information

Here we review some basic facts about mixed states.
Further details can be found in Nielsen and Chuang [13]
for example.

Given two mixed states and , the delity F (; ) is
the maximum possible value of j' i, wherej i andj' i
are puri cations of and respectively. Also, given a
measuremeril , letDy, ( ) be the probability distribution
over measurement outcomesMf is applied to . Then
thetrace distancek k, equals the maximum, over all
possible measuremeris, ofkDy () D m ( )k, where

0 D %=2" in ol
i=1
is the variation distance betwe&h = (p;:::;pn) and
O=(pP;:::;pY). Forall and ,we have the following
relation between delity and trace distance:
q__
k Kk, 1 F(; )%

Throughout this paper, we uskly to denoteN -
dimensional Hilbert space. One fact we will invoke re-
peatedly is that, if is the maximally mixed state iHl\ ,
then "

1 . .
N 1 iihii
j=1

Now suppose that, in addition to a quantum message

j xi from Alice, Bob also receives a quantum witness

j' i from Merlin, whose goal is to convince Bob that
f (X;Y)=1.% We say Alice and Botsucceedf for all
XY,

5We assume no shared randomness or entanglement. Also, weess
for simplicity that Alice can only send pure states; note th& increases
the message length by at most a multiplicative facto? ¢br an additive
factor oflog N, if we use Newman's Theorem [12]).

8For convenience, from now on we assume that Merlin only néeds
prove statements of the form(X;Y ) = 1, notf (X;Y )=0. Forour
actual results, it will make no difference whether we adbfgt a&ssumption
(corresponding to the clasg3MA), or the assumption in Section 1 (corre-
sponding tadQMA \ coQMA).

wherefj

3. De-Merlinization and Its Applications

Our main result, the “De-Merlinization Theorem,” al-
lows us to Iower—bouncDMA\}v (f) in terms of the ordi-
nary quantum communication complexi® (f ). In this
section we state the theorem and derive its implications for
random access coding (in Section 3.1), one-way communi-
cation complexity (in Section 3.2), and complexity theory
(in Section 3.3). The theorem itself will be proved in Sec-
tion 4.



Theorem 3 (De-Merlinization Theorem) For all Boolean
functionsf (partial or total) and allw 2,

Ql(f)= O QMAL (f) wlog®w :

Furthermore, given an algorithm for th@MA&, protocol,
Bob can ef ciently generate an algorithm for ti@* pro-
tocol. If the former use€ gates andS qubits of mem-
ory, then the latter use8 S°(S) gates andd S2log® S
gubits of memory.

3.1. Application I: Random Access Coding

Following Ambainis et al. [4], let us de ne theandom
access codindgor RAC) problem as follows.
anN -bit string X = x;:::xXy and Bob has an index2

In our setting, Bob receives not only anbit message
from Alice, but also av-bit message from Merlin. IX; =

Alice has

with constant probability, by cross-checking i bit of
g(Y) against th&™ bit of Y, as sent by Alice.m

Using a straightforward ampli cation trick, we can show
that the protocol of Theorem 4 is essentially optimal.

Theorem 5 If there exists a randomizédd; w) protocol for
RAC, thera(w+1)= ( N)anda= (log N).

Proof. We rst show thata(w+1) = ( N). First Alice
ampli es her message to Bob by sendiwg = O (w + 1)
independent copies of it. For any xed message of Mer-
lin, this reduces Bob's error probability to at most (say)
2 2w+ S0 now Bob can ignore Merlin, and loop over all
2% messages 2 f 0;1g" that Merlincould have sent, ac-
cepting if and only if there exists athat would cause him
to accept. This yields an ordinary protocol for the RAC
problem in which Alice sendaW bits to Bob. But Ambai-
nis et al. [4] showed that any such protocol requirgN )
bits; hencea(w+1)= ( N).

That Alice needsto sendlog N) bits follows by a sim-

1, then there should exist a message from Merlin that causeple counting argument: ldDy be Alice's message distri-

Bob to accept with probability at lea®t3; while if x; =0,

bution given an inpuX. ThenDyx andDy must have

then no message from Merlin should cause Bob to acceptconstant variation distance for &l 6 Y, if Bob is to dis-

with probability greater that=3. We are interested in the

minimuma; w for which Alice and Bob can succeed.

tinguishX fromY with constant biasm
Together, Theorems 4 and 5 provide the complete story

For completeness, before stating our results for the quanor the classical case, up to a constant factor. In the quan-
tum case, let us rst pin down the classical case—that is, tum case, the situation is no longer so simple, but we can
the case in which Alice and Merlin both send classical mes- give a bound that is tight up to a polylog factor.

sages, and Alice's message can be randomized. Obviously,

if Merlin sends0 bits, then Alice needs to sen@d N) bits;

this is just the ordinariRAC problem studied by Ambainis

et al. [4]. At the other extreme, if Merlin sends tNe-bit
messag« , then it suf ces for Alice to send a® (log N )-

Theorem 6 If there exists a quanturta;w) protocol for

RAC, then
N

a(w+1)= )

bit ngerprintof X . For intermediate message lengths, we pyoof. 1f w = 0 orw = 1 then clearlya = ( N), so

can interpolate between these two extremes.

Theorem 4 For all a;w such thataw N, there exists
a randomizeda+ O (logN) ;w) protocol for RAC—that
is, a protocol in which Alice sends+ O (log N) bits and
Merlin sendsw bits.

Proof. The protocol is as follows: rst Alice divides her

mostw bits long. She then maps ea¥h to an encoded
substringY,® = g(Y;), whereg : f0;19" 1 f 0;1g" isa
constant-rate error-correcting code satisfyiig= O (w).

Finally, she sends Bobk (which require<O (log N ) bits of
communication), together with the" bit of Y,° for every

Now if Merlin is honest, then he sends Bob the substring
Y; 2 f0;1g" of X containing thex; that Bob is interested

in. This allows Bob to learx;. Furthermore, if Merlin

cheats by sending someé 6 Y;, then Bob can detect this

assumev 2. By Theorem 3,

Q! (RAC)= O QMAL (RAC) wlog®w
=0 aw log®N

But Nayak [11] showed tha®! (RAC) =
henceaw=  N=log’N . m

Clearly Theorem 6 can be improved whenis very
small or very large. For whew =0, we havea= ( N);
while for anyw, a simple counting argument (as in the clas-
sical case) yielda= (log N). We believe that Theorem
6 can be improved for intermediateas well, since we do
not know of any quantum protocol that beats the classical
protocol of Theorem 4.

( N), and

3.2. Application II: One-Way Communica-
tion

Theorem 3 yields lower bounds on QMA communica-
tion complexity, not only for the random access coding



problem, but for other problems as well. For Aaronson [1] proof of Savitch's theorem thidPSPACE= PSPACE An

showed the following general relationship betwdn(f ) obvious dif culty is that the numbers of paths could ¢heu-
andQ% (f): bly exponential, and therefore take exponentially many bits
to store. But we can deal with that by computing each bit
Theorem 7 ([1]) For all Boolean function$ : f0; 1g" of the numbers separately. Here we use the fact that there
f0;1g" 1f 0;1g (partial or total), existNC! circuits for addition, and hence addition®¥-bit
integers is “locally” inPSPACE
D'(f)= O M Q3 (f)logQ3(f) : If each path is weighted by a complex amplitude, then it

o ) , is easy to see that the same idea lets us sum the amplitudes

Combining Theorem 7 with Theorem 3, we obtain the o, o paths. We can thereby simul&®PSPACEand
following relationship betweeD® (f) and QMA,, (f).  postBOPSPACEN PSPACEaS well. m
andallw 2, PostBQPSPACEpoly = PSPACEpoly.  (For note

that unlike randomized and quantum advice, determin-

1 — 3 1 1 . !
D*(f)= O M wlog"w QMA,, (f)logQMA,, (f) istic advice commutes with standard complexity class
inclusions.)

3.3.  Application 1ll: Upper-Bounding Putting it all together, we obtain:

QMA/gpoly
Theorem 11 QMA=gpoly PSPACE=poly.
We now explain why the containme@MA=gpoly
PSPACE=poly follows from the De-Merlinization Theo-
rem. The rststep is to observe a weaker result that follows
from that theorem:

As a nal remark, [etQAM be the quantum analogue of
AM, in which Arthur sends a public random string to Mer-
lin, and then Merlin responds with a quantum state. Marriott
and Watrous [10] observed th@iAM = BP QMA. So

QAM=gpoly= BP QMA=gpoly= QMA=gpoly,

Proof. -Given a language. 2 QMA=gpoly, let Ly : since we can hardwire the random string into the quantum
f0;1g° ! f 0;1g be the Boolean function de ned by ggvice. HenceQAM=gpoly PSPACEpoly as well.

Ln (x) =1 ifx 2 L andL, (x) = 0 otherwise. Thenifwe  Thijs offers an interesting contrast with the result of Ra#] [1
interpret Alice's input as the truth table af,, Bob's input thatQIP (2) =qpoly= ALL.

asx, andS as the number of qubits used by Q& A=qgpoly
machine, the lemma follows immediately from Theorem 3.
]

Lemma 8 QMA=gpoly BQPSPACE-qpoly.

4. Proof of The De-Merlinization Theorem

Na'vely, Lemma 8 might seem obvious, since it is well-

known thatQMA  PSPACE But remember that even if i V\flnow proceed to tlhle proof oLThtedorem 3.t In Se;:-
C D, it need not follow thaC=gpoly D =qpoly. ion 4.1 we prove several lemmas about damage to quantum

The next step is to replace the quantum advice by cIassi-StateS’_and in particular, the effect of the damage caused

cal advice. by earlier measurements of a state on the outcomes of later
measurements. Section 4.2 then gives our procedure for

Lemma 9 BQPSPACEqpoly PostBQPSPACEpoly. amplifying Bob's error probability, after explaining whiye
more obvious procedures fail. Finally, Section 4.3 puts to-

Proof. Follows from the same argument used by Aaronson gether the pieces.

[1] to show thatBQP=qgpoly = PostBQP=poly. All we

need to do is replace polynomial time by polynomial space. 4.1. Quantum Information Lemmas

]
Finally, we observe a simple generalization of Watrous's  In this section we prove several lemmas that will be
theorem [15] thaBQPSPACE= PSPACE needed for the main result. The rst lemma is a simple
variant of Lemma 2.2 from [1]; we include a proof for com-
Lemma 10 PostBQPSPACE= PSPACE pleteness.
Proof Sketch. Ladner [9] showed thaPPSPACE = Lemma 12 (Almost As Good As New Lemma)Suppose

PSPACE Intuitively, given the computation graph of a a 2-outcome POVM measurement of a mixed stayeelds
PPSPACEmachine, we want to decide RESPACEwhether outcomel with probability”. Then after the measurement,
the number of accepting paths exceeds the number of rejectand assuming outcomh'sd)bserved, we obtain a new state
ing paths. To do so we use divide-and-conquer, as in the ¢ such thatk oKy "



Proof. pLﬂi be a Buri cation of . Then we can write Finally, we give a lemma that is key to our result. This
j ias "j oi + ) 1i, whergj oi is a puri cation lemma, which we call the “quantum OR bound,” is a sort
of pandh ¢j 1i =0. Sothe delity between and g is of converse to the quantum union bound. It says that, for
P all quantum circuits and advice statgs i, if there exists
F(; o) h joi="1 " a witness stat¢ i such that accept§ ij' i with high
probability, then we can also causeto accept with high
probability by repeatedly running onj ijji, whergjji is
> P a random basis state of the witness register, and then tak-
K oKy 1 F(@ o) : ing the logical OR of the outcomes. One might worry that,
as we run with variousjj i's, the state of the advice reg-
ister might become corrupted to something far frpnn.
However, we show that if this happens, then it can only be
because one of the measurements has already accepted with
high probability.

Therefore

The next lemma, which we call the “quantum union
bound,” abstracts one of the main ideas from [4].

Lemma 13 (Quantum Union Bound) Let be a mixed

state, and lef ;:::; 1gbe a set oR-outcome POVM | emma 14 (Quantum OR Bound) Let be a2-outcome
measurements.  Suppose eaghyields outcomd with  pOvM measurement on a bipartite Hilbert spatg H .
probability at most’ when applied to . Then if we ap-  Also, letfj 1i ;:::;jNig be any orthonormal basis fdi g ,
ply 1;:::; 7 insequence to,the probability that atbeflst and forallj 2 f1;:::;Ng, let ; be the POVM orH
one of these measurements yields outcbisat mostr ™ ™. induced by applying toHa j ji. Suppose there exists a
_ _ . productstate  inHA H g suchthat yields outcomé
Proof. Fqllows from a hy_br_|d argument, almost |de|_"|t|— with probability at least > 0when applied to  Then
cal to Claim 4.1 of Ambainis et al. [4]. More explic- ifwe apply j,;::1; j, insequenceto, wherejy;::::jT

itly, by the principle of deferred measurement, we can re- . S

place each measuremeng by a unitaryU that CNOT's 41 N= 2, the probability that at least one of these

the measurement outcome into an ancilla qubit. Let _ ) p 2
j 0 0ih0 0j be theinitial state of the system pllis ~ Measurements yields outcothis at least N=T
ancilla qubits. Then by the same idea as in Lemma 12, for
g y Proof. Let E; denote the event that one of the rst
all t we have .
D measurements of yields outcomel. Also, let =
. P_— 2 .
U oYt o, : N=T . Then ourgoalis to show th&r [E;]
. for somet, where the probability is over the choice of
So letting C o ;
j1;::1;j7 as well as the measurement outcomes. Suppose
= U U U. L U, 1 Pr[E(] < for all t; we will derive a contradiction.
t- T T t+1 O0Y7T t+1 T .
Let ; be the state it after the rstt measurements,
by unitarity we also have averaged over all choices ¢f;:::;j¢ aBd assuminge
does not occur. Suppose; k, > for somet.
Ur Ut ¢ oUg 1t U, ! Then interpreting the rst measurements as a single mea-

K t+1 t = 1 1
ktr UT UT t+1 OUT t+1 UT

surement, and taking the contrapositive of Lemma 12, we
Ur ¢ oUs?t o nd that Pr[E;] > , and we are done. 881"6 can assume
B T r without loss of generality that ;  k;, for all t.

" For all mixed state&in Hn H g, letP (& be the

p.. _ ) ) probability that yields outcomel when applied t& By
andhenc& r ok, T "bythetriangle inequality. 6 ge nition of trace distance, we have
Now letM be a measurement that returns the logical OR

oftheT ancilla qubits, and leb ( ) be the distribution over P& P (& k& &,
the outcomes( and1) whenM is applied to . Suppose .
M yields outcoméd with probabilityp when appliedto t. forall ;& Therefore

tr

Then sinceM yields outcomel with probability 0 when P (; ) P ( ) k ¢ K
applied to o, the variation distanckD ( 1) D ( o)k is =P ( ) K ¢ k
equal top. So by the de nition of trace distance, p_ i
P '
Pk 1 ok, T ™ Hence p_
n P (¢ 1) N



where
o h
=5 djihj]
N =1

is the maximally mixed state iHg . It follows that for all
t' p_

EX P i jihjj

o EX g[ (¢ Jithij)] N
Now notice that
Pr[EjgE: 1] = jtszl?S:;N g[P (¢ 1 JJddhiepl

for all t. Furthermore, sinc&; ; ) E;, the events

gE: 1" E: aredisjoint. Therefore
PriEr] = Prige: 1" E¢]
1

—
1

= Pr{gE: 1]Pr[E¢jgE: 4]

t=1
. (1 ) jthE::;N g[P (¢ 1 ] Jddhjj)]
p_
1 T
@ )T —
P—2T
N
=1;
o . P — 2
which is certainly greater than = N=T . Here
we are using the facttha@t N= 2, andhence 1. m

4.2. Ampli cation

Before proceeding further, we need to decrease Bob's
soundness error (thatis, the probability that he accepts a d -
honest claim from Merlin). The simplest approach would Probability at leasg
be to have Alice and Merlin both senaopies of their mes-
sages for some, and then have Bob run his veri cation
algorithm™ times in parallel and output the majority an-
swer. However, this approach fails, since the decrease inm S€quence, thepo

error probability is more than cancelled out by therease

Lemma 15 Suppose Bob receives arqubit message i
from Alice and aw-qubit messagg i from Merlin, where
w 2. LetA = O awlog?w andW = O (wlogw).
Then by using\ qubits from Alice andV qubits from Mer-
lin, Bob can amplify his soundness error .oV while
keeping his completeness ertbx3.

Proof. We will actually use two layers of ampli cation. In
the “inner” layer, we replace Alice’s messagei by the

a -qubitmessagg i ,where’ = O (logw). We also re-
place Merlin's messagé i by thew™ -qubit messagp i

We then run Bob's algorithm times in parallel and output
the majority answer. By a Chernoff bound, together with
the same observations used by Kitaev and Watrous [6] to
show ampli cation forQMA, this reduces both the com-
pleteness and the soundness errors$o W’ for suit-
able® = O (logw).

In the “outer” layer, we replace Alice’s message by
j i Y, whereu = O(W). We then run the inner layer
u times, once for each copy ¢fi , but reusing the same
register for Merlin's message each time. (Also, after each
invocation of the inner layer, we uncompute everything ex-
cept the nal answer.) Finally, we output the majority an-
swer among these invocations.

Call Bob's original algorithmQ, and call the ampli ed
algorithmQ . Then our rst claim is that ifQ accepts
all w-qubit messages from Merlin with probability at most
1=3,thenQ accepts all’v -qubit messages with probability
at mosts W, for suitableu = O (W). This follows from
a Chernoff bound—since even if we condition on the rst
throught™ invocations of the inner layer, thg + 1) S in-
vocation will still receive a “fresh” copy of i , and will
therefore accept with probability at mast 1=3. The
state of Merlin's message register before the 1) st invo-
cation is irrelevant.

Our second claim is that, ) accepts som¢@ i with
=3, thenQ accept§' i  with prob-
ability at least2=3. For recall that a single invocation of
the inner layer rejectis i with probability at most. So
by Lemma 13, even if we invoke the inner layertimes
robability that one or more invocations
T, which is less thari=3 for suitable

reject is at most

in Merlin's message length (recall that we will have to loop U= O(W). =

over all possible classical messages from Merlin). So then
why not use the “in-place ampli cation” technique of Mar-
riott and Watrous [10]? Because unfortunately, that tech-
nique only works for Merlin's message; we do not know  We are now ready to prove Theorem 3: that for all
whether it can be generalized to handle Alice's message a$oolean function$ and allw 2,

well.” Happily, there is a “custom” ampli cation procedure Ql(f)= O QMAL (f) wlog?w :

with the properties we want: v '

4.3. Main Result

Furthermore, if Bob use€ gates andS qubits in the
QMAY protocol, then he use€ S°(S) gates and
O S?log®S qubits in theQ! protocol.

“In any such generalization, certainly Alice will still hat@send mul-
tiple copies of her message. The question is whether Meiliralso have
to send multiple copies dfis message.



Proof of Theorem 3. Let Q be Bob's algorithm. Alsc
suppose Alice's message hegqubits and Merlin's messa
hasw qubits. The rst step is to replad@ by the ampli ec
algorithmQ@Q from Lemma 15, which takes ak-qubit ad-
vice statg i from Alice and aW -qubit witness state fro
Merlin, whereA = O awlog?w andW = O (wlogw).
From now on, we us€ (j i) as a shorthand fa® run
with witnessj i, together with an advice register that o
inally contains Alice's message i (but that might becorr
corrupted as Bob uses it). Then Bob's goal is to de
whether there existsja i such thatQ (j i) accepts witl
high probability.

To do so, Bob uses the following procedie. Giver
Alice's messagej i, this procedure rung) (jzi) for
9 2% computational basis stat¢a of the witness re¢
ister chosen uniformly at random.
logical OR of the measurement outcomes.

letjci be a counter initialized t{Di
fort:=1t09 2V

choosez 2 f 0; 19" uniformly at random
runQ (jzi), and letbbeQ 's output
/I 1 for accept0 for reject

setjci ;= jc+ bi

runQ 1 (jzi) to uncompute garbage
nextt
if c=0 thenreturrf (x;y)=0;

otherwise returd (x;y) =1

Let us rst show thatM is correct. First suppose that

f (x;y) = 0. ByLemma 15, we know tha® (j i) ac-
cepts with probability at mo& W for all state§ i of the
witness register. So in particula® (jzi) accepts with
probability at mosé W for all basis statejzi. By Lemma
13, it follows that wherM is nished, the countec will
have been incremented at least once (and h&hciself
will have accepted) with probability at most

9 W 1
P 9

Next suppose thdt(x;y) = 1. By assumption, there exists
aj i suchthatQ (j i) accepts with probability at least
2=3. Sosetting = 2=3,N = 2% andT =9 2V ,

Lemma 14 implies thaM will accept with probability at

least r | |

s 2 r_-2

2 1 1

3 9 9
It remains only to upper-bounil 's complexity. If

Bob's original algorithnQ usedC gates and qubits, then

clearly the ampli ed algorithmQ usesO C wlog? w
gatesan® S wlog?w qubits. HenceéM uses

—||z|

O C wlog?w 2% =C s°®)

Finally it returns the

’ PP/rpoly = IP(2)/rpoly = ALL ‘

| PSPACE/poly = PSPACE/rpoly |

’ PP/poly = PostBQP/poly ‘

’ QMA/gpoly ‘
’ QMA/poly = QMA/rpoly ‘
’ QCMA/gpoly ‘
[ QcMA/poly = QCMAVrpoly |
BQP/gpoly

’ BQP/poly = BQP/rpoly ‘

Figure 1. Known containments among classi-
cal and quantum advice classes.

gatesan® S?log®S qubits, where we have used the fact
thatw S. This completes the prooi

5. Conclusions and Open Problems

Figure 1 shows the known relationships among deter-

ministic, randomized, and quantum advice classes, in light
of this paper's results.
about quantum advice, compared to other computational re-
sources. But our results provide new evidence for a general
hypothesis: that if you're strong enough to squeeze an expo-
nential amount of advice out of a quantum state, then you're
also strong enough to squeeze an exponential amount of ad-
vice out of a probability distribution.

We still know remarkably little

We end with some open problems.

Can we nd a counterexample to the quantum ad-
vice hypothesis? What abo@MA (2), or QMA (k)

for k > 2, or Q$? Currently, we do not even
know whethelQMA (2) =rpoly = ALL,; this seems re-
lated to the dif cult open question of ampli cation for
QMA (2) (see Kobayashi et al. [8]).

Is there a clas€ such thatC=rpoly 6 C=poly but
C=rpoly 6 ALL?

Can we tighten the N=log?N lower bound of
Theorem 6 to ( N)? One approach would be to
tighten Lemma 15, by generalizing the in-pla@&A
ampli cation of Marriott and Watrous [10].

Can we improve the containme®@MA=gpoly
PSPACEpolyto QMA=gpoly = PP=poly? Alterna-



tively, can we construct an oracle (possibly a "quan- [13] M. Nielsen and I. Chuang. Quantum Computation and
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whereas for alk 2 L and allz,

(A)_l_l—‘

Pr [A (x;r;z) acceptp
r2b

LetR = rq;:::; be ap(n)-tuple of independent
samples fronD, for somep(n) = ( n+ w(n)). Then
there exists a boosted veri & such that for allk 2 L,
there exists & such that

1
Rzgg(n) [A (X;R;z) acceptp 1 Srowny
whereas for alk 2 L and allz,
Pr [A (X;R;z) accept _1_.
R2D P(n) Y P 2now(n)’

So by a simple counting argument, there exists a xed ad-

vice stringR such that for alk 2 L, there exists & such
that Arthur accepts; whereas for &l2 L and allz, Arthur
rejects. m

Indeed, using the same techniques we can show that

QCMA=rlog = QCMA=glog= QCMA=poly = QCMA=rpoly:

Next we want to show a somewhat harder result, that

QMA=rpoly = QMA=poly. To do so we will need the
following theorem of Marriott and Watrous.

Theorem 18 (Marriott and Watrous [10]) The error
probability in any QMA protocol can be made exponen-
tially small without increasing the size of Merlin's quaniu
witness.

We can now prove the analogue of Theorem 1TIMA.
Theorem 19 QMA=rpoly = QMA=poly.

Proof. Given a languagé 2 QMA=rpoly, let D be the
distribution from which Arthur's advice is drawn, and let
Q (x;r; j' 1) be Arthur's veri cation algorithm run on input
x, advice string, and witnesg' i 2 H , ™. Then for all

x 2 L, there exists # i such that

br [Q(x;r, j' i) accepts =;

whereasforalk 2 L and allj' i,

- 1
PriQ(xrj i) accept 3
Here the probability is taken ov€)'s internal randomness
as well as.
By Theorem 18, we can make the error probability ex-
ponentially small without increasing the sizejoi. So let

11

R = be ap(n)-tuple of independent sam-
ples fromD, for somep(n) = ( n+ w(n)). Then there
exists a boosted verie® such that for alk 2 L, there
exists ' i such that

oy . 1 -
Rzopg(n)[Q (GR; i) accepty 1 2n 23w (n)’
whereas foralk 2 L and allj' i,
ey wiy (& CGRGTTT) 08P oromy:

So by a simple counting argument, there exists a xed ad-
vice stringR; such thatforalk 2 L, there exists @ i such
that Arthur accepts with probability at leabt 2 3W("),
However, we still need to handle the cas& L. Since the
number of stateg i 2 H , ") with small pairwise inner
product isdoubly exponential, a na've counting argument
no longer works. Instead, observe that there exists a xed
advice stringRo such that for alk 2 L and all computa-
w(n)

tional basis statgzi with z 2 f 0; 1g

. 1
PrIQ (xiRoijzi) accepts 2"2"(" e
~ 22w(n)”

Now suppose by contradiction that there exis§s asuch
that

Pr[Q (x;Ro;j' i) acceptp> %;

Then
P ‘Ro; th> 1 1.
r[Q (X! 0, )accep}" § Wu
where 1 X o
| = () jzihzj
z2f 0;1g" (™)

is the maximally mixed state ow (n) qubits. But this

implies that there exists a basis sttesuch that

. 1 1
PriQ (x;Ro;jzi) acceptk> 3w
which yields the desired contradiction. Finally, by a union
bound, there exists a xed advice strifgthat combines the
properties oRy andR;. =

7.1. Upper-Bounding QCMA/gpoly

We now show thaQCMA=qpoly PP=poly. Concep-
tually, the proof is similar to the proof th@MA=gpoly
PSPACEpoly, but with three differences. First, since the
witnesses are now classical, they can be provided to the



simulating machine as part of the advice. Second, sincedifferent advice register each time. This yiellgopies of

the witnesses are provided, there is no longer any need to 1. We thenreplac® (x; 71;z) by the doubly-ampli ed

try exponentially many random witnesses. Indeed, this verier Q° x; TJ ;2 , which runsQ (x; T1;2) once for

is what improves the upper bound froRSPACE=poly to each of thel advice registers, and returns the majority out-
PP=poly. And third, we can no longer exploit the fact that come. Let 2 be the probability thaQ® x; TJ ;Z ac-
BQPSPACEqpoly = PSPACE=Dpoly, in order to splitthe  cepts. Then by a Chernoff bound, and assuming the con-
proof neatly into a “de-Merlinization” part (which is new) stantinJ = O (w) is suf ciently large, we have reduced
and an “advice” part (which follows from earlier work of the problem to deciding whether

Aaronson [1]). Instead, we need to generalize the machin-

ery from [1] to theQCMA setting. (1) thereexistsa 2 f 0;1g" suchthat? 1 2 2% or
Theorem 20 QCMA=gpoly ~ PP=poly. 2 9 2 2forallz

Proof. Le_t L be a language irQCMAzq_pon, and let Now let 1 X

L(x) =1 if x 2 L andL (x) = 0 otherwise. Also, let Si= — g;

Q be a veri er forL, which takes a-qubit quantum advice 2 22f 0:1g"

statej i andw-bit classical witnesg for some polynomi-
alsa andw (for convenience, we omit the dependence on
n). Thenthe rststep is to replad@ by an ampli ed veri-
er Q , which takes a\-qubit advice statg i :=j i
whereA = a” and” = O(loga). As aresult,Q has
completeness and soundness erilers®.

Let Q (x; ;z ) be shorthand foQ run with inputx,

ThenS 2 W lincase (1), wherea8 2 2% in case
(2). Soitsuf ces to give &@P=poly machine with + S
accepting paths, for some positive constanend . Our
machine will simply do the following:

Choosez uniformly at random.

advice , and witnesg. Then giverx, our goal is to sim- Simulate aPostBQP computation that accepts with
ulateQ (x;j 1;z(x)), wherez(x) is an optimal witness probability proportional to ?.
for x. We will do so using &P=poly machineM . The
classical advice tM will consist of a “Darwinian training The reason this works is that the probability of the
set’ (X1;21);:::;(xt;z7) for T = O(A), together with postselection steps in the “for' loop all succeeding is inde
L (x¢) foreveryt 2 f1;:::;Tg. Here each; 2 f 0;1g" pendent of.
is an input and each 2 f 0;1g" is its corresponding wit- It remains only to showM 's correctness. Lep; be
ness. Given this advicé/ runs the following procedure the probability that the rstt postselection steps in the
to computd_ (x). “for' loop all succeed. We choose the “training inputs”
X1;:::; Xt and witnesses; ;:::; zr in such a way that
let := 1A bethe maximally mixed state @k qubits
fort:=1toT @ p+1 Epforalit2f0;::; T 1g
letjbi be a qubitinitialized tg0i ) o i
runQ (x¢; ;z1), and CNOT the output intjbi (b) z is avalid _vwfmess fok whengvemt 2 L_, meaning
runQ 1(x¢; :z1) to uncompute garbage tlhatlQA(“Xt;J i ;z;) accepts with probability at least

measurébi, and postselect on observibg L (Xt)

nextt ; P ;

c) Thereis no larger training set that satis es (a) and (b).
forallz 2 f 0;1g", © g 9 @ ()
_let ; be the probability tha® (x; ;z) accepts Then it suf ces to prove the following two claims:
if there exists & such that ;,  2=3, then accept
otherwise, if ;  1=3for all z, then reject (i) T = O(A) for all training sets that satisfy (a) and (b).
Let us rst see whyM can be simulated iPP=poly. (i) M correctly decides every inpw, if we train it on

The “for' loop is just a postselected quantum computation, some(X1;2z1) ;i1 (X7 zr) that satis es (a), (b), and
and can clearly be simulated by the result of Aaronson [2] (©).

thatPostBQP = PP. The one nontrivial step is to decide o ) ) _
whether there exists a such that ,  2=3, or whether For Claim (i), notice that we can write the maximally

, 1=3 for all z. We do this as follows. Let; be mixed statd as a mixture o2* orthonormal vectors

the state of the advice register after the tgiostselection 2
steps, conditioned on those steps succeeding. We rst am- | = 1

plify by repeating the “for' loop) = O (w) times, using a SR

j iih ij;
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wherej i := | i is the “true” advice state. We ar-
gue that thg i1ih 1j component must survive all post-
selection steps with high probability. For i 2 L,
thenQ (x¢;j i;z) accepts with probability at mostA?,
whileif x; 2 L, thenQ (Xi;j i;z) rejects with probabil-
ity at most1=A* by assumption (b). So by Lemma 13,
the probability of outputting the wrong answer on any of
(Xﬁ?ﬁ: 21 (XT;271), USingj i as the advice, is at most
T 1=A%= T=A%. Hence

On the other handp;+1 %pt for all t by assumption
(a), and hencer (2:3)T. Combining we obtain
T = O(A).

For Claim (ii), suppose by way of contradiction that
M rejects somex 2 L. Then Q (X; T1;z) ac-
cepts with probability less tha@=3 for all z. But
this implies that if we trainedM on the enlarged set

Pr+1 %pT, thereby contradicting the maximality af.

Likewise, suppos# accepts some 2 L. Then there ex-
ists a “false witnessb such thaQ (x; 7;b) accepts with
probability greater thadi=3. So if we trainedM on the

getpr+1 %pT , contradicting the maximality of . m
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