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Abstract

Givena Booleanfunctionf , we studytwo natural gener
alizationsof the certi cate compleity C (f ): therandom-
ized certi cate compleity RC (f ) and the quantumcer-
ti cate compleity QC(f). Using Ambainis' advesary
methodwe exactly characterizeQC (f ) asthesquae root
of RC(f). We thenusethis resultto prove the new rela-
tionRo(f) = O Qa(f )2 Qo (f)logn for totalf , where
Ro, Q», and Qq are zew-error randomized,bounded-
error quantum,and zeo-error quantumquery complexi-
ties respectively Finally we give asymptoticgaps be-
tweenthe measues,including a total f for which C(f ) is
supeqguadmtic in QC (f), and a symmetricpartial f for
whichQC (f) = O (1) yetQ2 (f) = (n=logn).

1. Background

Most of what is known aboutthe power of quantum
computingcan be castin the queryor decision-treemodel
[1,2,3,5,6,9,10,11, 18, 22 23]. Hereonecountsonlythe
numberof queriesto the input, not the numberof compu-
tationalsteps. The appealof this modellies in its extreme
simplicity—in contrastto (say)the Turing machinemodel,
onefeelsthe querymodeloughtto be “completelyunder
standablé. In spiteof this, openproblemsabound.

Letf : Dom(f)! f0;1gbeaBooleanfunctionwith
Dom(f) f0;1g", thattakesinputY = y;:::y,. Then
the deterministicquery complexity D (f ) is the minimum
numberof queriesto they;'s neededo evaluatef , if Y is
choseradwersariallyandif queriescanbe adaptve (thatis,
candependntheoutcome®f previousqueries). Also, the
bounded-errorandomizedjuerycomplexity, R, (f ), is the
minimumexpectedhumberof queriesneededy arandom-
ized algorithmthat, for eachY 2 Dom (f ), outputsf (Y)
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with probability at least2=3. Herethe 2' refersto two-

sidederror; if insteadwe requiref (Y) to be outputwith

probability 1 for every Y, we obtainRg (f ), or zero-error
randomizedjuerycomplexity.

Analogously Q, (f ) is the minimumnumberof queries
neededby a quantumalgorithm that outputsf (Y) with
probability at least2=3 for all Y. Also, for k 2 f0;1g
let Q'g (f ) bethe minimumnumberof queriesneededy a
guantumalgorithmthatoutputsf (YY) with probability 1 if
f (Y) = k, andwith probabilityatleast1=2if f (Y) 6 k.
ThenletQ, (f) = max QY (f);Q3(f) . If werequirea
singlealgorithmthat succeedsvith probability 1 for all Y,
weobtainQg (f ), or exactquantunquerycomplexity. See
[10] for detailedde nitions anda surwey of thesemeasures.

It isimmediatethat

Qz2(f) Ra(f) Ro(f) D(f) n

that Q, (f) Ro (f), andthat Q¢ (f) D(f). Iff
is partial (.e. Dom(f) 6 f0;1g"), thenQ, (f) canbe
superpolynomiallysmallerthanR; (f ); thisis whatmalkes
Shor's period- nding algorithm[19] possible. For total f ,
by contrastthelargestknown gapevenbetweerD (f ) and
Q, (f) is quadraticandis achiezedby the OR functionon
n bits: D (OR) = n (indeedR; (OR) = (n)), whereas
Q, (OR) = (' n) becausef Grover's searchalgorithm
[11]. Furthermorefor total f , Bealset al. [6] shaved

thatD(f) = O Q, (f)6 , while deWolf [23] shovedthat
D(f)= 0 Qu(f)?Q(f)* .

Theresultof Bealset al. [6] relieson two intermediate
compl«ity measuresthe certi cate compleity C (f) and
block sensitivitybs(f ), whichwe now de ne.

De nition 1 A certi cate for an input X is a setS

alli 2 Sthenf (Y) = f (X). ThenC”* (f) is the mini-
mumsizeof a certi cate for X, and C (f ) is the maximum
of C* (f) overall X .

De nition 2 A sensitiveblodk on input X is a setB

tainedfromX by ipping x; for eachi 2 B. Thenbs® (f)



is the maximumnumberof disjoint sensitiveblocks on X,
andbs(f ) is themaximunof bs* (f ) overall X .

Clearly

bs(f) C(f) D(f):

For total f , thesemeasuresare all polynomially related:
Nisan[12] shavedthatC (f)  bs(f )2, while Bealset al.
[6] shovedthatD (f) C(f)bs(f). Combiningthese
resultswith bs(f) = O Q, (f)2 (from the optimality of

Grover'salgorithm),oneobtainsD (f ) = O Q, (f)6 .

2. Our Results

We investigateRC (f ) and QC (f ), the bounded-error
randomizedand quantumgeneralization®f the certi cate
compleity C (f ) (seeTablel). Ourmotivationis that,just
asC (f ) wasusedto shov a polynomialrelationbetween
D (f) andQ, (f ), soRC(f ) andQC (f ) canleadto new
relationsamongfundamentatjuerycomplexity measures.

Table 1
Querycompleity D(f) Ra(f) Q,(f)
Certi catecomplity | C(f) RC(f) QC(f)

What the certi cate compleity C (f) measuress the
numberof queriesusedto verify a certi cate, notthe num-
berof bitsusedto communicatét. Thus,if wewantto gen-
eralizeC (f ), we shouldassumehelatteris unbounded.A
consequences thatwithout lossof generality a certi cate
is justaclaimedvalueX for theinputY *—sinceary addi-
tional informationthat a prover might provide, the veri er
cancomputefor itself. The veri er' sjob is to checkthat
f (Y) = f (X). With thisin mind we de ne RC(f) as
follows.

De nition 3 A randomizedveri er for input X is a ran-
domizedalgorithmthat,oninputY 2 Dom (f ), (i) accepts
with probability 1 if Y = X, and (ii) rejectswith prob-
ability at least1=2 if f (Y) 6 f (X). (fY 6 X but
f (Y) = f (X), the acceptancerobability can be arbi-
trary.) ThenRC* (f) is the minimumexpectechumberof
queriesusedby a randomizedreri er for X, andRC (f ) is
themaximunof RC* (f) overall X .

We de ne QC (f ) analogouslywith quantuminsteadof
randomizedalgorithms. The following justi es the de -
nition (the RC (f ) partwasoriginally shovn by Razetal.
[15]).

1Throughoutthis papey we useY to denotethe “actual' input being
queried,andX to denotethe “claimed' input (whoserandomizecterti -
catecompleity, block sensitvity, andsoonwe wantto study).

Proposition4 Making the error probability two-sided
rather than one-sidedchanges RC (f ) and QC (f) by at
mosta constantfactor.

Proof. For RC(f), let ry be the event that verier V

rejectson input Y, andlet dY be the eventthatV en-
countersa disagreementvith X onY. We mayassume
Pr ry jdY = 1. SupposehatPr rj  "gif Y = X

andPr ry 1 "y iff(Y) 6 f(X). Wewishto
lower-boundPr oY for all Y suchthatf (Y) 6 f (X).

Obsenrethat

Prorynrgdy jf(Y)8f(X) Prrdrgdll
=Prry o
Henceforf (Y) 6 f (X),

Prry

Pr dy Prry ~ qdy 1 "y Mo

Now letV beidenticalto V exceptthat, wheneerV re-
jects despitehaving found no disagreementvith X, V

accepts. Clearly Pr r§¥ = 0. Also, in the case
f(Y)6 f (X),
Prry =Prdy 1 "1 "o

The resultfollows since O (1) repetitionssufce to boost
ary constanterror probability to ary other constanterror
probability.
For QC (f ), supposeheveri er's nal stategiveninput
Y is X
Yizi Yijoi+ Jijd
z
wherej0i is the reject state,jli is the acceptstate, and
Y24+ Y?= 1forallz. SupposealsothatAX
1 "pandthatAY "; wheneerf (Y) 6 f (X), where
AY= Y ? is the probability of accepting. Then
the veri er canmake AX = 1 by performingthe condi-
tional rotation
X X
z Z
X X
z z
on the secondregister prior to measurement. In the case

f (Y) 6 f (X), thisproduces

2
A= T e
ZZX vy 2 x2, v?2
z z z
z
2("o+ "1)
n
It isimmediatethat
QC(f) RC(f) C(f);



thatQC (f) = O(Q, (f)), andthatRC (f) = O (R2(f)).
WealsohaveRC (f) =  (bs(f)), sincearandomizedrer-
i er for X mustqueryeachsensitve blockon X with 1=2
probability. This suggestviewing RC (f ) asan “alloy' of
block sensitvity and certi cate compleity, an interpreta-
tion for which Section6 givessomejusti cation.

Our resultsare s follows. In Section4 we shav
that QC(f) = RC(f) for all f (partial or total),

preciselycharacterizingquantumcerti cate complexity in
terms of randomizedcerti cate compleity. To do this,
we rst give a nonadaptre characterizatioof RC (f ), and
thenapplythe adwersarymethodof Ambainis[3] to lower
bound QC (f ) in termsof this characterization. Then,
in Section5, we extend results on polynomials due to
de Wolf [23] and to Nisan and Smolensl (as described
by Buhrmanand de Wolf [10Q]), to shawv that Ro (f) =
O (RC (f ) ndeg(f ) logn) for all totalf , wherendeg(f ) is
theminimumdegreeof a polynomialp suchthatp (X) 6 0
if andonlyif f (X) 6 0. Combiningtheresultsof Sections
4 and5 leadsto anew lower boundon quantumguerycom-
plexity: thatRo (f) = O Q, (f )2 Qo (f)logn for all to-
tal f . To our knowledge,this is the rst quantumlower
boundto useboththeadwersarymethodandthe polynomial
methodat differentpointsin theargument.

Finally, in Section6, we exhibit asymptoticgapsbe-
tweenRC (f ) and other query compleity measuresin-
cluding a total f for which C(f) = QC () |
anda symmetricpartial f for which QC (f) = O (1) yet
Q,(f) = (n=logn). We concludein Section7 with
someopenproblems.

3. Related Work

Razetal. [15] studieda querycomplexity measurehey
calledma(f ), for Merlin-Arthur. In our notation,ma(f )
equalsthe maximumof RC* (f ) overall X with f (X) =
1. Razetal. obsenedthatma(f) = ip (f ), whereip (f ) is
thenumberof queriemneededyivenarbitrarily mary rounds
of interactionwith aprover. They alsousederrorcorrecting
codesto constructatotal f for whichma(f) = O (1) but
C(f) = (n). Thishassimilaritiesto our constructionjn
Section6.3, of a symmetricpartialf for whichQC (f) =
O(1) butQ, (f) = (n=logn). Asidefromthatandfrom
Proposition4, Razetal's resultsdo not overlapwith ours.

Watroug20] hasinvestigateddifferentnotionof "quan-
tum certi cate complexity'—whether certi cates that are
guantumstatescanbe superpolynomiallysmallerthanary
classicalcerti cate. Also, de Wolf [22] hasinvestigated
“nondeterministiqquantumquery compleity' in the alter
nate senseof algorithmsthat acceptwith zero probabil-
ity whenf (Y) = 0, andwith positive probability when
f(Y)=1

4. Characterization of Quantum Certi cate
Complexity

We wish to shav that QC(f) = P RC(f) ,
preciselycharacterizingquantumcerti cate complexity in

termsof randomizecterti cate compleity. The rst step
is to give asimplercharacterizationf RC (f ).

Lemma5 Call arandomizederi er for X nonadaptivef,
oninputY, it queriesead y; with independenprobability
i, andrejectsif and only if it encountes a disagreement
with X . (Thus,we identify sud a veri er with the vector
1,::5; n).) LetRCY, (f) betheminimumof +  +
» overall nonadaptiveveri ersfor X . ThenRCY, (f) =
RC* (f) .

Proof. ClearlyRCY, (f) =  RC* (f) . Fortheupper
boundwe canassumehatarandomizedreri er rejectsm-
mediatelyon nding adisagreemenwith X , andacceptsf
it nds nodisagreement.LetY = fY :f (Y) 6 f (X)o.
Let V beanoptimalrandomizedveri er, andlet p; (Y) be
theprobabilitythatV , whengiveninputY 2 Y, nds adis-
agreementwith X onthet™ query By Markov'sinequal-
ity, V musthave found a disagreementvith probability at
least1=2 afterT = 2RCX* (f) queries. Soby theunion
bound

pr(Y)+ +pr(Y) 1=2

1 have alreadybeenmadeand
have returnedagreementvith X. Thenwe must nd a
disagreementvith probability at least1=2T. By repeat-
ing this procedureAT times, we canboostthe probability
tol e 2.
thaty; is queriedatleastonce. Then ; + + 5 4T,
whereador eachY 2 Y,
X

i1yi 6 X

It followsthat,if eachy; is queriedwith independenprob-
ability ;, thentheprobabilitythatatleastoney; disagrees
with X is atleast
Y 2 n
1 a ) 1 1 L.=®
i1yi 6 X

]

To obtainalower boundon QC (f ), we usethe follow-
ing simple reformulationof the adwersarymethodof Am-
bainis[3].

Theorem 6 (Ambainis) Let
to nonngyativereals,andlet R : Dom (f)2 !

bea functionfromDom ()
f0; 1g be



a relation suc that R(X;Y) = R(Y;X) for all X;Y
and R(X;Y) = 0 wheneerf (X) = f(Y). Let

X
(Y) L
Y R(X;Y)=1
X( )
(Y)  t(x):
Y :R(X;Y)=1 xi6yi

ThenQ, (f) = -

01

We now prove the mainresultof the section.

Theorem7 For all f (partial or total) andall X,

q

QC* (f) = RCX (f)

izedveri er for X, andlet
S = 1 + + n:

First, QC* (f) = O p§ . We canrun a “weighted
Grover searcH, in which the proportion of basis states
querying index i is within a constantfactor of ;=S.
(It sufces to use n? basis states.) Let Y =
fY :f (Y)6 f (X)g;thenforaryY 2 Y,O = S itera-
tionssufce to nd adisagreementith X with probability

(1). Second,QC* (f) = S . Considera ma-
trix gamein which Alice choosesanindex i to queryand
Bob choosesy 2 Y; Alice winsif andonly if y; 6 X;.
If both playersarerational,thenAlice wins with probabil-
ity O (1=S), sinceotherwiseAlice's stratgy would yield a
verier ( 9;:::; 9) with

0+ + 2= o(s):

Henceby the minimax theorem thereexists a distribution
overY suchthatfor everyi,

b i € xi]= 0(1=9):

Let (X) = landlet (Y) = (Y) for eachY 2 Y.
Also,letR (Y;Z) = lif andonlyif Z = X foreachy 2 Y
andZ 2 Y. Thenwecantake ;(y) = land ¢xx) =
O (1=S) in Theorem6. Sothe quantumquerycompleity

of distinguishingX from anarbitraryY 2 Y is S .
]

5. Quantum Lower Bound for Total Functions

Ourgoalis to shawv that

Ro(f)=0 Q,(f)*Q,(f)logn

deterministically represents if for all X 2 f0;1g",
p(X) 6 0if andonlyif f (X) 6 0. Let ndeg(f) be
the minimum degreeof a nondeterministigolynomialfor
f. Also, givensucha polynomialp, saythata monomial
M1 2 piscoveredby M, 2 pif M, containsevery vari-
ablein M;. We call M a maxonomialf it is not covered
by ary other monomialof p. The following is a simple
generalizatiorof a lemmaattributedin [10] to Nisanand
Smolensk.

Lemma 8 (Nisan-Smolensk) Let p nondeterministically
representf. Thenfor every maxonomialM of p and
X 2 f 1(0), theris asetB of variablesin M sud that
f X®) 6 f (X), whee X (B) is obtainedfrom X by
ipping thevariablesin B.

Proof. Obtain a restrictedfunction g from f, anda re-
strictedpolynomialq from p, by settingeachvariableout-
sideof M to x;. Theng cannotbe constantsinceits rep-
resentingpolynomialq containsM asa monomial. Thus
thereis asubseB of variablesn M suchthatg X (B) =
1,andhencef X () =1 m

UsingLemma8, deWolf [23] shovedthat

D(f) C(f)ndeg(f)

for all totalf , slightly improving theresult
D(f) C(f)deg(f)

dueto Buhrmanandde Wolf [10]. In Theoreml0, we will
give ananalogof this resultfor randomizedjueryandcer
ti cate complexities. However, we rst needaprobabilistic
lemma.

Lemma9 Supposeve repeatedlyapplythefollowing pro-
cedue: r stidentifythe setB of maxonomialsof p, then
“shrink’ each M 2 B with (not necessarilyindependent)
probability at least1=2. ShrinkingM meansreplacingit
by an arbitrary monomialof degreedeg(M) 1. Then
with high probability p is a constantpolynomialafter

O (deg(p) logn)
iterations.

Proof. For ary setA of monomialsconsidetheweighting
function
I (A) =
M2A

deg(M)!



Let S bethesetof monomialsof p. Initially
1 (S) n9%9P deg(p)!

andwe aredonewhen! (S) = 0. We claimthatat every

iteration,! (B)  i! (S). ForeveryM 2 SnB is
coveredby someM 2 B, butagivenM 2 B cancoverat
most %¥M) distinctM  with deg(M ) = I. Hence
X degW) 1
! (SnB) deg(M) 4
M 2B 1=0
1 1
deg(M)! T + 20 +
M2B
(e 1)! (B):

At every iteration, the contribution of eachM 2 B
to ! (A) hasat least 1=2 probability of shrinking from
deg(M)! to (deg(M) 1)! (orto O if deg(M) = 1).
Whenthis occurs,the contribution of M is at leasthalved.
Hence! (S) decreasedy an expectedamountat least
+! (S). Thusafter

0Gse=(ae 1y 2n%9P) deg(p)! = O(deg(p)logn)

iterations the expectationof ! (S) islessthan1=2, soS is
emptywith probabilityatleastl=2. m

Theorem 10 For total f ,

Ro (f) = O(RC(f) ndeg(f)logn):

ability ;. Thenforary Z 2 f0;1g", let ZI'l be ob-
tainedfrom Z by settingz; to x; for eachi 2 I. We have
Pr, £ zUl =0 1=2. But by Lemmaas, for every
maxonomialM of f, thereexistsa Z thatdisagreeswith
X only onvariablesoccurringin M, suchthatf (Z) = 1.
It follows thatfor every M , | containstheindex of a vari-
ablein M with probability at least1=2. GiveninputY,
therandomizedalgorithmis asfollows. Firstquerythein-
dicesin |, andletf; betherestrictionof f inducedby this.
Then repeatthe aborve procedureon f ;—that is, choose
an X1 with f1 (X1) = 0 (assumingone exists), andthen
gueryasetl ; drawn usinga nonadaptre randomizedreri-
er for X1. Continuein this manneruntil f is restricted
to a constantfunction ft. At this point, if f1 is iden-
tically O thenwe know f (Y) = O; otherwisewe know
f (Y) = 1. Eachiterationof thealgorithmusesanexpected
numberof queriesatmostRC (f ), sinceRC(g) RC(f)
for every restrictiong of f. Furthermoresincean itera-
tion shrinkseachmaxonomialwith probabilityatleast1=2,

Lemma9 impliesthatwith (1) probability, f 1 is constant
afterT = O (ndeg(f) logn) iterations. m

Buhrmanet al. [6] shavedthatndeg(f) 2Q,(f).
Combiningthis with Theorems7 and 10, we obtaina new
relationbetweerclassicabndquantumguerycompleity.

Theorem11 For total f
Ro(f)= 0 Qa(f)*Q(f)logn
Thebestpreviousrelationof thiskind was
Ro(f)= 0 Q(f)*Qo(f)” ;

dueto de Wolf [23].
obtain

It is worth remarkingthat we also

Ro (f) = O(R2(f)ndeg(f)logn)
for totalf , sincenorelationbetweerRy andR, betterthan

Ro(f) = O Ry (f )3 is currently known (althoughno
asymptoticgapbetweerRy andR; is known either[17]).

6. Asymptotic Gaps

Having relatedRC (f ) andQC (f ) to otherquerycom-
plexity measuresn Section5, in whatfollows we seekthe
largestpossibleasymptoticgapsamongthe measures. In
particular Section6.1 givesatotalf for which

RC(f)=  C(f)*
andhence
C(f)=  QC(t)*™ ;
aswell asatotalf for which
bs(f)=  RC(f)*%%

Althoughthesegapsarethelargestof which we know, Sec-
tion 6.2shavsthatno “local' techniquecanimprovethere-

lationsC (f) = O RC(f)?> andRC(f)= O bs(f)? .
Finally, Section6.3 usescombinatorialdesigngo construct
a symmetricpartial f for which RC (f ) and QC (f) are
O(1), yetQ, (f) = (n=logn).

6.1 Certi cate Complexity, Randomized Certi -
cate Complexity, and Block Sensitvity

Wegenerand Zadori[21] exhibited total Booleanfunc-
tions with asymptotic gaps betweenC (f) and bs(f).
In similar fashion,we give a function family f g;g with
an asymptoticgap betweenC (g;) and RC(g;). Let



of its inputis 13, 14, 15, or 16. (The parameteR9 was
found via computersearchto producea maximal separa-
tion.) Thenfort > 1, let

O (X13::0Xoet) = Qoo 1(X1)5:ii0 1 (Xa20)]

where X ; is the rst 29 ! input bits, X, is the second
29 1 andsoon. Fork 2 f0;1g, let

k - X .
bs* (f) = f(rg?}kbs (f);

k - X .
C*(f)= f(rg?}kc (f):

Thensincebs’ (g1) = bs' (1) = 17, we have bs(g;) =
17t. Ontheotherhand,C°(g1) = 17but C! (g;) = 26, so

C*(%) = 13C* (g 1)+ 13C°%(g 1);
C%a) = 17max C*(g 1);C%(a 1)

Solvingthis recurrenceyields C (g;) =
cannow shaw agapbetweernC andRC.

(22:725). We

Proposition12 RC(g) = C(gt)0:907 .

Proof. Sincebs(g;) = C(gT)O:907 , it sufces to shav

thatRC(g;) = O(bs(g)). Therandomizedverier V
choosesan input variableto qqgr%/asfollows. Let X be
theclaimedinput,andletK = ifl g 1(Xj). Letlg =
fi:g 1(X;)=0gandly = fi:g 1(X;)= 1g. With
probabilitypk , V choosesni 2 |1 uniformly atrandom;
otherwiseA choosesni 2 | uniformly atrandom. Here
px is asfollows.

K [[0;12] 13 14 15 16 [17:29]
x| 0 ¥ % o7 1

Oncei is choseny repeatghe procedurdor X, andcon-
tinuesrecursvely in this manneruntil reachinga variable
y; to query One cancheckthatif g (X) 6 g (Y),
theng: 1(Xi) 6 g 1(Y;) with probabilityatleast1=17.
Hencex; 6 y; with probability at least 1=17, and
RC(g)=0(@17"). m

By Theorem 7, it follows that C(g) =

QC(g)*?® . This offers a surprising contrast

with the query compleity setting, wherethe bestknown
gap betweenthe deterministicand quantummeasuress
quadratigD (f) = Q,(f)? ).

Thefamily f g:g happensot to yield anasymptoticgap
betweerbs(f ) andRC (f ). Thereasonis thatary input
to go canbe coveredperfectlyby sensitve blocksof min-
imum size,with no variablesleft over. In generalthough,
we canhave bs(f) = o(RC(f)). Asreportedoy Bublitz
et al. [8], M. Patersonfound a total Boolean function

for all X. Composingh; recursvely yields bs(h;) =
C(h)%® andbs(h;) =  RC(h)*°* | bothof
which arethelargestsuchgapsof which we know.

6.2 Local Separations

It is alongstandingopenquestionwhetherthe relation
C(f)  bs(f )2 dueto Nisan[12] istight. Asa rst step,

one canaskwhetherthe relationsC (f) = O RC(f)2

andRC(f) = O bs(f )2 aretight. In this sectionwe
introducea notion of local proof in querycompleity, and
thenshaw thereis nolocal proofthatC (f ) = o RC (f )2

orthatRC (f) = o bs(f)? . This implies that prov-
ing eitherresultwould requiretechniquesinlike thosethat
arecurrentlyknown. Ourinspirationcomesrom computa-
tionalcompleity, whereresearchersst formalizedknown
methodf proof,includingrelativizableproofs[4] andnat-
ural proofs[16], andthenarguedthat thesemethodswere
notpowerful enoughto resolhethe eld' soutstandingrob-
lems.

Let G (f) andH (f ) bequerycompleity measuresb-
tainedby maximizingover all inputs—thatis,

— X .
G(f)—xzrg%”G (f);
H(f)= HX (f):

() ergoerlr)l((f) ()

CallB  f1;:::;ng aminimalblock on X if B is sensi-
tiveonX (meaningt X () 6 f (X)), andno sub-block
B? B issensitveon X. Also, let X 's neighborhood
N (X) consistof X togethemwith X (8) for every minimal
blockB of X . ConsidemproofthatG (f) = O (t (H (f)))
for somenondecreasing We call the prooflocal if it pro-
ceedsy shaving thatfor every X 2 Dom (f ),

X(f)= t HY (f
G()OYma&) (f)

As acanonicakxample,Nisan's proof[12] thatC (f )
bs(f )2 islocal. ForeachX , Nisanobsenresthat(i) amax-
imal setof disjoint minimal blocksis a certi cate for X,
(i) suchasetcancontainatmostbs® (f ) blocks,and(iii)
eachblock canhave sizeatmostmaxy oy (x ) bs' (f). An-
otherexampleof alocal proofis our proofin Section4 that

RC(f)= O QC(f)? .

Proposition13 Thete is no local proof that C(f) =
o RC(f)? orthatRC(f)= o bs(f)? fortotalf.



Broof. The rst partis easy:let f (X) = 1if jX]

n (wherejX j denoteshe Hammingweight of X ), and
f (X) = 0otherwise. Considertheall-zeroinput0". We
haeC” (f)=n d ne+ 1, butRC” (f) = O( n),
andindeedRC" (f) = O(" n) forallY 2 N (0"). For
the s&condﬁart, arrangethe input variablesin a lattice of
size' n " n. Takkm=  n'2  andletg(X) bethe
monotoneBooleanfunctionthatoutputsl if andonly if X
containsa 1-squae of sizem m. Thisis a squareof
1's that canwrap aroundthe edgesof the lattice; notethat
only thevariablesalongthe sidesmustbesetto 1, notthose
in theinterior. An exampleinput, with a 1-squareof size
3 3, isshowvn below.

PR R OO
oOoooo
oOoooo
PR R OO
RPORr OO

Clearly bs" (9) = n'=3 | sincetherecanbe at most

n=m? disjoint 1-squaref sizem m. Also, bs' (g) =
n'=3 for ary Y thatis 0 exceptfor a single 1-square.

Ontheotherhand if we chooseauniformly atrandomamong

all suchY's, then at ary lattice site i, Pry [y; = 1] =
n 22 HenceRC” (g)= n?3 . m

6.3. Symmetric Partial Functions

If f is partial, thenQC (f ) canbe much smallerthan
Q, (f). Thisis strikingly illustratedby the collision prob-

glequery LetCol(Y) = 0if Y is one-to-ongeachy; is
unique),andCol (Y) = 1if Y is two-to-one(eachy; ap-
pearsexactly twice), underthe promisethatoneof theseis
thecase. ThenRC (Col) = QC (Col) = O (1), sinceev-
ery one-to-onanputdiffersfrom every two-to-oneinputon
atleastn=2 of they;'s. On the otherhand,Aaronson[1]
shavedthatQ, (Col) =  n'*® , andShi[18] improved
thisto n?™®  whichis tight[7].

From the exampleof the collision problem,it is tempt-
ing to conjecturethat (say)Q, (f) = O n™ whenaer
QC (f) = O(1)—thatis, 'if everyO-inputis farfrom every
1-input, then the quantumquery compleity is muchless
thanlinear’ Herewe disprove this conjecturegvenfor the
specialcaseof symmetricfunctionssuchasCol. (For a
nite setH, we saythatf : H" | fO0;1g is symmetric
if y1:::yn 2 Dom(f) impliesy (1) :::y (ny 2 Dom(f)
andf (yr1:::xn) = f y @y i1y (n) for every permuta-
tion .)

Our proof usesthe following lemma,dueto Nisanand
Wigderson[14].

Lemma 14 (Nisan-Wigderson) For any > 1, there ex-
istsa family of sets

suththatm = 2"=
n= foralli6j.

,JSij = nforalli,andjS;\ §jj

Wewill alsoneedto adaptalemmaof Ambainis[2]. For
Z 210 1gN , saythata multivariatepolynomialp (Z) ap-
proximatesy (Z) if (i) p(Z) 2 [0; 1] for everyinputZ (not
merelythosein Dom (f)), and(ii) jp(Z) gg)j 1=3
for everyZ 2 Dom(f). Also,let (N;d)= &, N
Lemma 15 (Ambainis) At most 2°(C N:®dIN?) - gistinct
Booleanfunctions(partial or total) can be approximated
by polynomialsof degreed.

We cannow provethemainresult.

Theorem 16 Thele existsa symmetrigpartial f for which
QC(f)=0()andQ,(f) = (n=logn).

Proof. Letf : H" I f0;1g whereH = f1;:::;3ng,
andletm = 2n=3  Let S;;::::Sm

fyi;:i;yng = §; for somej. ClearlyQC(f) = O(1),
sinceif i 6 j thenevery permutatiorof S; differsfrom ev-
ery permutatiorof S; on atleastn=3 indices. The number
of symmetricf with Dom (f ) asaboveis 2™ = 2 (2=°).
We can convert ary suchf to a Booleanfunction g on
O (nlogn) variables. But Bealset al. [6] shoved that,
if Q,(9) = T, theng is approximatedy a polynomialof
degreeatmost2T. Soby Lemmal5s,if Q,(g) T for
every g then

2T (nlogn;2T) (nlogn)®?=  2n=3

andwe solvetoobtainT = (n=logn). =

7.0pen Problems

Is 8eg(f) = P RC(f) , wherefleg(f) is the min-
imum degreeof a polynomialapproximatingf ? In other
words, canonelowerboundQC (f ) usingthe polynomial
methodof Bealsetal. [6], ratherthantheadwersarymethod
of Ambainis[3]?

Also, is Ro(f) = O RC(f)? ?

the new relationsRo (f) = O Q,(f)* andRo(f) =
0 Ry(f)? .

If so we obtain
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