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Abstract

Givena Booleanfunctionf , westudytwonatural gener-
alizationsof thecerti�cate complexity C (f ): the random-
ized certi�cate complexity RC (f ) and the quantumcer-
ti�cate complexity QC(f ). Using Ambainis' adversary
method,weexactlycharacterizeQC (f ) asthesquare root
of RC(f ). We thenusethis result to prove the new rela-

tion R0 (f ) = O
�

Q2 (f )2 Q0 (f ) logn
�

for total f , where
R0, Q2, and Q0 are zero-error randomized,bounded-
error quantum,and zero-error quantumquery complexi-
ties respectively. Finally we give asymptoticgaps be-
tweenthemeasures,includinga total f for which C(f ) is
superquadratic in QC (f ), and a symmetricpartial f for
which QC (f ) = O (1) yetQ2 (f ) = 
 (n= logn).

1. Background

Most of what is known about the power of quantum
computingcanbe castin thequeryor decision-treemodel
[1, 2,3,5, 6, 9, 10, 11, 18, 22, 23]. Hereonecountsonly the
numberof queriesto the input, not the numberof compu-
tationalsteps. Theappealof this modellies in its extreme
simplicity—in contrastto (say)theTuring machinemodel,
onefeels the querymodelought to be `completelyunder-
standable.' In spiteof this,openproblemsabound.

Let f : Dom (f ) ! f 0; 1g bea Booleanfunctionwith
Dom (f ) � f 0; 1gn , that takesinput Y = y1 : : : yn . Then
the deterministicquerycomplexity D (f ) is the minimum
numberof queriesto theyi 's neededto evaluatef , if Y is
chosenadversariallyandif queriescanbeadaptive (that is,
candependontheoutcomesof previousqueries).Also, the
bounded-errorrandomizedquerycomplexity, R2 (f ), is the
minimumexpectednumberof queriesneededby arandom-
izedalgorithmthat, for eachY 2 Dom (f ), outputsf (Y )
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with probability at least2=3. Here the `2' refersto two-
sidederror; if insteadwe requiref (Y ) to be outputwith
probability 1 for every Y , we obtainR0 (f ), or zero-error
randomizedquerycomplexity.

Analogously, Q2 (f ) is theminimumnumberof queries
neededby a quantumalgorithm that outputsf (Y ) with
probability at least2=3 for all Y . Also, for k 2 f 0; 1g
let Qk

0 (f ) betheminimumnumberof queriesneededby a
quantumalgorithmthatoutputsf (Y ) with probability1 if
f (Y ) = k, andwith probabilityat least1=2 if f (Y ) 6= k.
Thenlet Q0 (f ) = max

�
Q0

0 (f ) ; Q1
0 (f )

	
. If we requirea

singlealgorithmthatsucceedswith probability1 for all Y ,
weobtainQE (f ), or exactquantumquerycomplexity. See
[10] for detailedde�nitions andasurvey of thesemeasures.

It is immediatethat

Q 2 (f ) � R 2 (f ) � R 0 (f ) � D (f ) � n;

that Q0 (f ) � R0 (f ), and that QE (f ) � D (f ). If f
is partial (i.e. Dom (f ) 6= f 0; 1gn ), then Q2 (f ) can be
superpolynomiallysmallerthanR2 (f ); this is whatmakes
Shor's period-�nding algorithm[19] possible. For total f ,
by contrast,thelargestknown gapevenbetweenD (f ) and
Q2 (f ) is quadratic,andis achievedby theOR functionon
n bits: D (OR) = n (indeedR2 (OR) = 
 (n)), whereas
Q2 (OR) = � (

p
n) becauseof Grover's searchalgorithm

[11]. Furthermore,for total f , Bealset al. [6] showed

thatD (f ) = O
�

Q2 (f )6
�

, while deWolf [23] showedthat

D (f ) = O
�

Q2 (f )2 Q0 (f )2
�

.
The resultof Bealset al. [6] relieson two intermediate

complexity measures,the certi�cate complexity C (f ) and
block sensitivitybs(f ), whichwenow de�ne.

De�nition 1 A certi�cate for an input X is a set S �
f 1; : : : ; ng such that for all Y 2 Dom (f ), if yi = x i for
all i 2 S thenf (Y ) = f (X ). ThenCX (f ) is themini-
mumsizeof a certi�cate for X , andC (f ) is themaximum
of CX (f ) overall X .

De�nition 2 A sensitiveblock on input X is a set B �
f 1; : : : ; ng such thatf

�
X (B )

�
6= f (X ), whereX (B ) is ob-

tainedfromX by �ipping x i for each i 2 B . ThenbsX (f )



is the maximumnumberof disjoint sensitiveblocks on X ,
andbs(f ) is themaximumof bsX (f ) overall X .

Clearly
bs(f ) � C (f ) � D (f ) :

For total f , thesemeasuresare all polynomially related:
Nisan[12] showedthatC (f ) � bs(f )2, while Bealset al.
[6] showed that D (f ) � C (f ) bs(f ). Combiningthese

resultswith bs(f ) = O
�

Q2 (f )2
�

(from theoptimality of

Grover'salgorithm),oneobtainsD (f ) = O
�

Q2 (f )6
�

.

2. Our Results

We investigateRC (f ) and QC (f ), the bounded-error
randomizedandquantumgeneralizationsof the certi�cate
complexity C (f ) (seeTable1). Ourmotivationis that,just
asC (f ) wasusedto show a polynomial relationbetween
D (f ) andQ2 (f ), so RC (f ) andQC (f ) canleadto new
relationsamongfundamentalquerycomplexity measures.

Table 1
Querycomplexity D (f ) R2 (f ) Q2 (f )
Certi�cate complexity C (f ) RC (f ) QC (f )

What the certi�cate complexity C (f ) measuresis the
numberof queriesusedto verify a certi�cate, not thenum-
berof bitsusedto communicateit. Thus,if wewantto gen-
eralizeC (f ), weshouldassumethelatteris unbounded.A
consequenceis thatwithout lossof generality, a certi�cate
is just aclaimedvalueX for theinput Y 1—sinceany addi-
tional informationthata prover might provide, theveri�er
cancomputefor itself. The veri�er' s job is to checkthat
f (Y ) = f (X ). With this in mind we de�ne RC (f ) as
follows.

De�nition 3 A randomizedveri�er for input X is a ran-
domizedalgorithmthat,on inputY 2 Dom (f ), (i) accepts
with probability 1 if Y = X , and (ii) rejectswith prob-
ability at least 1=2 if f (Y ) 6= f (X ). (If Y 6= X but
f (Y ) = f (X ), the acceptanceprobability can be arbi-
trary.) ThenRCX (f ) is theminimumexpectednumberof
queriesusedbya randomizedveri�er for X , andRC (f ) is
themaximumof RCX (f ) overall X .

We de�ne QC (f ) analogously, with quantuminsteadof
randomizedalgorithms. The following justi�es the de�-
nition (theRC (f ) partwasoriginally shown by Razet al.
[15]).

1Throughoutthis paper, we useY to denotethe `actual' input being
queried,andX to denotethe `claimed' input (whoserandomizedcerti�-
catecomplexity, blocksensitivity, andsoonwewantto study).

Proposition4 Making the error probability two-sided
rather than one-sidedchangesRC (f ) and QC (f ) by at
mosta constantfactor.

Proof. For RC (f ), let r Y
V be the event that veri�er V

rejectson input Y , and let dY
V be the event that V en-

countersa disagreementwith X on Y . We may assume
Pr

�
r Y

V j dY
V

�
= 1. SupposethatPr

�
r Y

V

�
� "0 if Y = X

and Pr
�
r Y

V

�
� 1 � " 1 if f (Y ) 6= f (X ). We wish to

lower-boundPr
�
dY

V

�
for all Y suchthat f (Y ) 6= f (X ).

Observethat

Pr
�
r Y

V ^ qdY
V j f (Y ) 6= f (X )

�
� Pr

�
r X

V ^ qdX
V

�

= Pr
�
r X

V

�
� "0:

Hencefor f (Y ) 6= f (X ),

Pr
�
dY

V

�
� Pr

�
r Y

V

�
� Pr

�
r Y

V ^ qdY
V

�
� 1 � " 1 � "0:

Now let V � be identicalto V exceptthat,whenever V re-
jects despitehaving found no disagreementwith X , V �

accepts. Clearly Pr
�
r X

V �

�
= 0. Also, in the case

f (Y ) 6= f (X ),

Pr
�
r Y

V �

�
= Pr

�
dY

V

�
� 1 � " 1 � "0.

The result follows sinceO (1) repetitionssuf�ce to boost
any constanterror probability to any other constanterror
probability.

For QC (f ), supposetheveri�er' s �nal stategiveninput
Y is X

z

� Y
z jzi

�
� Y

z j0i + 
 Y
z j1i

�

where j0i is the reject state, j1i is the acceptstate,and�
� � Y

z

�
�2

+
�
�
 Y

z

�
�2

= 1 for all z. Supposealso that AX �
1 � "0 andthatAY � "1 whenever f (Y ) 6= f (X ), where
AY =

P
z

�
� � Y

z 
 Y
z

�
�2

is theprobabilityof accepting. Then
the veri�er can make AX = 1 by performingthe condi-
tional rotation �


 X
z � � X

z
� X

z 
 X
z

�

on the secondregisterprior to measurement. In the case
f (Y ) 6= f (X ), this produces

AY =
X

z

�
� � Y

z

�
�2 �

� � X
z � Y

z + 
 X
z 
 Y

z

�
�2

� 2
X

z

�
� � Y

z

�
�2

� �
� � X

z

�
�2

+
�
�
 Y

z

�
�2

�

� 2 (" 0 + "1) .

It is immediatethat

QC (f ) � RC (f ) � C (f ) ;



thatQC (f ) = O (Q2 (f )) , andthatRC (f ) = O (R2 (f )) .
WealsohaveRC (f ) = 
 (bs(f )) , sincearandomizedver-
i�er for X mustqueryeachsensitive block on X with 1=2
probability. This suggestsviewing RC (f ) asan`alloy' of
block sensitivity andcerti�cate complexity, an interpreta-
tion for whichSection6 givessomejusti�cation.

Our results are as follows. In Section 4 we show
that QC (f ) = �

� p
RC (f )

�
for all f (partial or total),

preciselycharacterizingquantumcerti�cate complexity in
terms of randomizedcerti�cate complexity. To do this,
we �rst givea nonadaptivecharacterizationof RC (f ), and
thenapplytheadversarymethodof Ambainis[3] to lower-
bound QC (f ) in terms of this characterization. Then,
in Section 5, we extend results on polynomials due to
de Wolf [23] and to Nisan and Smolensky (as described
by Buhrmanand de Wolf [10]), to show that R0 (f ) =
O (RC (f ) ndeg(f ) logn) for all total f , wherendeg(f ) is
theminimumdegreeof apolynomialp suchthatp(X ) 6= 0
if andonly if f (X ) 6= 0. Combiningtheresultsof Sections
4 and5 leadsto anew lowerboundonquantumquerycom-

plexity: thatR0 (f ) = O
�

Q2 (f )2 Q0 (f ) logn
�

for all to-

tal f . To our knowledge,this is the �rst quantumlower
boundto useboththeadversarymethodandthepolynomial
methodat differentpointsin theargument.

Finally, in Section6, we exhibit asymptoticgapsbe-
tweenRC (f ) and other query complexity measures,in-

cluding a total f for which C (f ) = �
�

QC (f )2:205
�

,

anda symmetricpartial f for which QC (f ) = O (1) yet
Q2 (f ) = 
 (n= logn). We concludein Section7 with
someopenproblems.

3. RelatedWork

Razet al. [15] studieda querycomplexity measurethey
calledma(f ), for Merlin-Arthur. In our notation,ma(f )
equalsthemaximumof RCX (f ) overall X with f (X ) =
1. Razetal. observedthatma(f ) = ip (f ), whereip (f ) is
thenumberof queriesneededgivenarbitrarilymany rounds
of interactionwith aprover. They alsousederror-correcting
codesto constructa total f for which ma(f ) = O (1) but
C (f ) = 
 (n). Thishassimilaritiesto ourconstruction,in
Section6.3, of a symmetricpartial f for which QC (f ) =
O (1) but Q2 (f ) = 
 (n= logn). Asidefrom thatandfrom
Proposition4, Razet al.'s resultsdonotoverlapwith ours.

Watrous[20] hasinvestigatedadifferentnotionof `quan-
tum certi�cate complexity'—whether certi�cates that are
quantumstatescanbesuperpolynomiallysmallerthanany
classicalcerti�cate. Also, de Wolf [22] hasinvestigated
`nondeterministicquantumquerycomplexity' in the alter-
nate senseof algorithmsthat acceptwith zero probabil-
ity when f (Y) = 0, and with positive probability when
f (Y ) = 1.

4. Characterization of Quantum Certi�cate
Complexity

We wish to show that QC (f ) = �
� p

RC (f )
�

,
preciselycharacterizingquantumcerti�cate complexity in
termsof randomizedcerti�cate complexity. The �rst step
is to giveasimplercharacterizationof RC (f ).

Lemma 5 Call a randomizedveri�er for X nonadaptiveif,
on input Y , it querieseach yi with independentprobability
� i , and rejectsif and only if it encounters a disagreement
with X . (Thus,we identify such a veri�er with thevector
(� 1; : : : ; � n ).) LetRCX

na (f ) betheminimumof � 1 + � � � +
� n overall nonadaptiveveri�ers for X . ThenRCX

na (f ) =
�

�
RCX (f )

�
.

Proof. ClearlyRCX
na (f ) = 


�
RCX (f )

�
. For theupper

bound,wecanassumethatarandomizedveri�er rejectsim-
mediatelyon �nding a disagreementwith X , andacceptsif
it �nds no disagreement.Let Y = f Y : f (Y ) 6= f (X )g.
Let V beanoptimal randomizedveri�er , andlet pt (Y ) be
theprobabilitythatV , whengiveninputY 2 Y, �nds adis-
agreementwith X on thet th query. By Markov's inequal-
ity, V musthave found a disagreementwith probability at
least1=2 afterT =

�
2RCX (f )

�
queries. Soby theunion

bound
p1 (Y ) + � � � + pT (Y ) � 1=2

for eachY 2 Y. Supposewe chooset 2 f 1; : : : ; Tg
uniformly at randomandsimulatethe t th query, pretend-
ing that queries1; : : : ; t � 1 have alreadybeenmadeand
have returnedagreementwith X . Then we must �nd a
disagreementwith probability at least1=2T. By repeat-
ing this procedure4T times,we canboostthe probability
to 1 � e� 2. For i 2 f 1; : : : ; ng, let � i be the probability
thatyi is queriedat leastonce. Then� 1 + � � � + � n � 4T ,
whereasfor eachY 2 Y,

X

i :y i 6= x i

� i � 1 � e� 2:

It follows that,if eachyi is queriedwith independentprob-
ability � i , thentheprobabilitythatat leastoneyi disagrees
with X is at least

1 �
Y

i :y i 6= x i

(1 � � i ) � 1 �
�

1 �
1 � e� 2

n

� n

> 0:57:

To obtaina lower boundon QC (f ), we usethefollow-
ing simplereformulationof the adversarymethodof Am-
bainis[3].

Theorem6 (Ambainis) Let � bea functionfromDom (f )
to nonnegativereals,and let R : Dom (f )2 ! f 0; 1g be



a relation such that R (X ; Y) = R (Y; X ) for all X ; Y
and R (X ; Y) = 0 whenever f (X ) = f (Y ). Let
� 0; � 1 2 (0; 1] be such that for every X 2 Dom (f ) and
i 2 f 1; : : : ; ng,

X

Y : R(X ;Y )=1

� (Y ) � 1;

X

Y : R(X ;Y )=1 ;x i 6= y i

� (Y ) � � f (X ) :

ThenQ2 (f ) = 

� q

1
� 0 � 1

�
.

We now provethemainresultof thesection.

Theorem7 For all f (partial or total) andall X ,

QC X (f ) = �
� q

RC X (f )
�

:

Proof. Let (� 1; : : : ; � n ) beanoptimalnonadaptiverandom-
izedveri�er for X , andlet

S = � 1 + � � � + � n :

First, QCX (f ) = O
� p

S
�

. We can run a “weighted
Grover search,” in which the proportion of basis states
querying index i is within a constant factor of � i =S.
(It suf�ces to use n2 basis states.) Let Y =
f Y : f (Y ) 6= f (X )g; thenfor any Y 2 Y, O

� p
S

�
itera-

tionssuf�ce to �nd adisagreementwith X with probability


 (1). Second,QCX (f ) = 

� p

S
�

. Considera ma-
trix gamein which Alice choosesan index i to queryand
Bob choosesY 2 Y; Alice wins if andonly if yi 6= x i .
If bothplayersarerational,thenAlice wins with probabil-
ity O (1=S), sinceotherwiseAlice's strategy would yield a
veri�er (� 0

1; : : : ; � 0
n ) with

� 0
1 + � � � + � 0

n = o(S) :

Henceby the minimax theorem,thereexists a distribution
� overY suchthatfor every i ,

Pr
Y 2 �

[yi 6= x i ] = O (1=S) :

Let � (X ) = 1 and let � (Y ) = � (Y ) for eachY 2 Y.
Also, let R (Y; Z ) = 1 if andonly if Z = X for eachY 2 Y
andZ =2 Y. Thenwe cantake � f (Y ) = 1 and� f (X ) =
O (1=S) in Theorem6. Sothequantumquerycomplexity

of distinguishingX from an arbitraryY 2 Y is 

� p

S
�

.

5. Quantum Lower Bound for Total Functions

Ourgoalis to show that

R0 (f ) = O
�

Q2 (f )2 Q0 (f ) logn
�

:

Saythat a realmultilinearpolynomialp(x1; : : : ; xn ) non-
deterministically representsf if for all X 2 f 0; 1gn ,
p (X ) 6= 0 if and only if f (X ) 6= 0. Let ndeg(f ) be
the minimum degreeof a nondeterministicpolynomialfor
f . Also, givensucha polynomialp, saythata monomial
M 1 2 p is covered by M 2 2 p if M 2 containsevery vari-
ablein M 1. We call M a maxonomialif it is not covered
by any other monomialof p. The following is a simple
generalizationof a lemmaattributed in [10] to Nisan and
Smolensky.

Lemma 8 (Nisan-Smolensky) Let p nondeterministically
representf . Then for every maxonomialM of p and
X 2 f � 1 (0), there is a setB of variablesin M such that
f

�
X (B )

�
6= f (X ), where X (B ) is obtainedfrom X by

�ipping thevariablesin B .

Proof. Obtain a restrictedfunction g from f , and a re-
strictedpolynomialq from p, by settingeachvariableout-
sideof M to x i . Theng cannotbeconstant,sinceits rep-
resentingpolynomialq containsM asa monomial. Thus
thereis a subsetB of variablesin M suchthatg

�
X (B )

�
=

1, andhencef
�
X (B )

�
= 1.

UsingLemma8, deWolf [23] showedthat

D (f ) � C (f ) ndeg(f )

for all total f , slightly improving theresult

D (f ) � C (f ) deg(f )

dueto BuhrmananddeWolf [10]. In Theorem10,wewill
give ananalogof this resultfor randomizedqueryandcer-
ti�cate complexities. However, we�rst needaprobabilistic
lemma.

Lemma 9 Supposewerepeatedlyapplythefollowing pro-
cedure: �r st identify the setB of maxonomialsof p, then
`shrink' each M 2 B with (not necessarilyindependent)
probability at least1=2. ShrinkingM meansreplacingit
by an arbitrary monomialof degreedeg(M ) � 1. Then
with highprobabilityp is a constantpolynomialafter

O (deg(p) logn)

iterations.

Proof. For any setA of monomials,considertheweighting
function

! (A) =
X

M 2 A

deg(M )!



Let S bethesetof monomialsof p. Initially

! (S) � ndeg( p) deg(p)!

andwe aredonewhen! (S) = 0. We claim thatat every
iteration, ! (B ) � 1

e ! (S). For every M � 2 S n B is
coveredby someM 2 B , but a givenM 2 B cancoverat
most

� deg( M )
l

�
distinctM � with deg(M � ) = l . Hence

! (S n B ) �
X

M 2 B

deg( M ) � 1X

l =0

� deg( M )
l

�
l !

�
X

M 2 B

deg(M )!
�

1
1!

+
1
2!

+ � � �
�

� (e � 1) ! (B ) :

At every iteration, the contribution of eachM 2 B
to ! (A) has at least 1=2 probability of shrinking from
deg(M )! to (deg(M ) � 1)! (or to 0 if deg(M ) = 1).
Whenthis occurs,thecontribution of M is at leasthalved.
Hence ! (S) decreasesby an expectedamount at least
1
4e ! (S). Thusafter

log4e=(4e� 1)

�
2ndeg(p) deg(p)!

�
= O (deg(p) logn)

iterations,theexpectationof ! (S) is lessthan1=2, soS is
emptywith probabilityat least1=2.

Theorem10 For total f ,

R0 (f ) = O (RC (f ) ndeg(f ) logn) :

Proof. ChooseanX with f (X ) = 0, andlet (� 1; : : : ; � n )
be a nonadaptive randomizedveri�er for X . Form I �
f 1; : : : ; ng by placingeachi in I with independentprob-
ability � i . Then for any Z 2 f 0; 1gn , let Z [I ] be ob-
tainedfrom Z by settingzi to x i for eachi 2 I . We have
Pr I

�
f

�
Z [I ]

�
= 0

�
� 1=2. But by Lemma8, for every

maxonomialM of f , thereexists a Z that disagreeswith
X only on variablesoccurringin M , suchthat f (Z ) = 1.
It follows that for every M , I containsthe index of a vari-
able in M with probability at least1=2. Given input Y ,
therandomizedalgorithmis asfollows. First querythein-
dicesin I , andlet f 1 betherestrictionof f inducedby this.
Then repeatthe above procedureon f 1—that is, choose
an X 1 with f 1 (X 1) = 0 (assumingoneexists), andthen
querya setI 1 drawn usinga nonadaptiverandomizedveri-
�er for X 1. Continuein this manneruntil f is restricted
to a constantfunction f T . At this point, if f T is iden-
tically 0 then we know f (Y) = 0; otherwisewe know
f (Y ) = 1. Eachiterationof thealgorithmusesanexpected
numberof queriesat mostRC (f ), sinceRC (g) � RC (f )
for every restrictiong of f . Furthermore,sincean itera-
tion shrinkseachmaxonomialwith probabilityat least1=2,

Lemma9 impliesthatwith 
 (1) probability, f T is constant
afterT = O (ndeg(f ) logn) iterations.

Buhrmanet al. [6] showed that ndeg(f ) � 2Q0 (f ).
Combiningthis with Theorems7 and10, we obtaina new
relationbetweenclassicalandquantumquerycomplexity.

Theorem11 For total f ,

R0 (f ) = O
�

Q2 (f )2 Q0 (f ) logn
�

:

Thebestpreviousrelationof thiskind was

R0 (f ) = O
�

Q2 (f )2 Q0 (f )2
�

;

due to de Wolf [23]. It is worth remarkingthat we also
obtain

R0 (f ) = O (R2 (f ) ndeg(f ) logn)

for total f , sincenorelationbetweenR0 andR2 betterthan

R0 (f ) = O
�

R2 (f )3
�

is currently known (althoughno
asymptoticgapbetweenR0 andR2 is known either[17]).

6. Asymptotic Gaps

Having relatedRC (f ) andQC (f ) to otherquerycom-
plexity measuresin Section5, in what follows we seekthe
largestpossibleasymptoticgapsamongthe measures. In
particular, Section6.1givesa total f for which

RC (f ) = �
�

C (f )0:907
�

andhence
C (f ) = �

�
QC (f )2:205

�
;

aswell asa total f for which

bs(f ) = �
�

RC (f )0:922
�

:

Althoughthesegapsarethelargestof whichweknow, Sec-
tion 6.2showsthatno`local' techniquecanimprovethere-

lationsC (f ) = O
�

RC (f )2
�

andRC (f ) = O
�

bs(f )2
�

.
Finally, Section6.3usescombinatorialdesignsto construct
a symmetricpartial f for which RC (f ) and QC (f ) are
O (1), yetQ2 (f ) = 
 (n= logn).

6.1. Certi�cate Complexity, Randomized Certi�­
cateComplexity, and Block Sensitivity

WegenerandZádori [21] exhibited total Booleanfunc-
tions with asymptotic gaps betweenC (f ) and bs(f ).
In similar fashion,we give a function family f gt g with
an asymptotic gap betweenC (gt ) and RC (gt ). Let
g1 (x1; : : : ; x29) equal1 if andonly if theHammingweight



of its input is 13, 14, 15, or 16. (The parameter29 was
found via computersearchto producea maximal separa-
tion.) Thenfor t > 1, let

gt (x1; : : : ; x29t ) = g0 [gt � 1 (X 1) ; : : : ; gt � 1 (X 29)]

whereX 1 is the �rst 29t � 1 input bits, X 2 is the second
29t � 1, andsoon. For k 2 f 0; 1g, let

bsk (f ) = max
f (X )= k

bsX (f ) ;

C k (f ) = max
f (X )= k

C X (f ) :

Thensincebs0 (g1) = bs1 (g1) = 17, we have bs(gt ) =
17t . Ontheotherhand,C0 (g1) = 17but C1 (g1) = 26, so

C 1 (gt ) = 13C 1 (gt � 1) + 13C 0 (gt � 1) ;

C 0 (gt ) = 17max
�

C 1 (gt � 1) ; C 0 (gt � 1)
	

:

Solving this recurrenceyields C (gt ) = � (22:725t ). We
cannow show a gapbetweenC andRC.

Proposition12 RC (gt ) = �
�

C (gt )
0:907

�
.

Proof. Sincebs(gt ) = 

�

C (gt )
0:907

�
, it suf�ces to show

that RC (gt ) = O (bs(gt )) . The randomizedveri�er V
choosesan input variableto queryas follows. Let X be
theclaimedinput,andlet K =

P 29
i =1 gt � 1 (X i ). Let I 0 =

f i : gt � 1 (X i ) = 0g andI 1 = f i : gt � 1 (X i ) = 1g. With
probabilitypK , V choosesani 2 I 1 uniformly at random;
otherwiseA choosesani 2 I 0 uniformly at random. Here
pK is asfollows.

K [0; 12] 13 14 15 16 [17; 29]
pK 0 13

17
7

12
5
12

4
17 1

Oncei is chosen,V repeatstheprocedurefor X i , andcon-
tinuesrecursively in this manneruntil reachinga variable
yj to query. One can check that if gt (X ) 6= gt (Y ),
thengt � 1 (X i ) 6= gt � 1 (Yi ) with probabilityat least1=17.
Hence x j 6= yj with probability at least 1=17t , and
RC (gt ) = O (17t ).

By Theorem 7, it follows that C (gt ) =

�
�

QC (gt )
2:205

�
. This offers a surprising contrast

with the query complexity setting,wherethe bestknown
gap betweenthe deterministicand quantummeasuresis

quadratic(D (f ) = �
�

Q2 (f )2
�

).

Thefamily f gt g happensnot to yield anasymptoticgap
betweenbs(f ) andRC (f ). The reasonis that any input
to g0 canbe coveredperfectlyby sensitive blocksof min-
imum size,with no variablesleft over. In general,though,
we canhave bs(f ) = o(RC (f )) . As reportedby Bublitz
et al. [8], M. Patersonfound a total Boolean function

h1 (x1; : : : ; x6) suchthatCX (h1) = 5 andbsX (h1) = 4
for all X . Composingh1 recursively yields bs(ht ) =

�
�

C (ht )
0:861

�
andbs(ht ) = �

�
RC (ht )

0:922
�

, bothof
whicharethelargestsuchgapsof whichwe know.

6.2. Local Separations

It is a longstandingopenquestionwhetherthe relation
C (f ) � bs(f )2 dueto Nisan[12] is tight. As a �rst step,

onecanaskwhetherthe relationsC (f ) = O
�

RC (f )2
�

andRC (f ) = O
�

bs(f )2
�

are tight. In this sectionwe
introducea notionof local proof in querycomplexity, and

thenshow thereis nolocalproof thatC (f ) = o
�

RC (f )2
�

or that RC (f ) = o
�

bs(f )2
�

. This implies that prov-
ing eitherresultwould requiretechniquesunlike thosethat
arecurrentlyknown. Ourinspirationcomesfrom computa-
tionalcomplexity, whereresearchers�rst formalizedknown
methodsof proof,includingrelativizableproofs[4] andnat-
ural proofs[16], andthenarguedthat thesemethodswere
notpowerful enoughto resolvethe�eld' soutstandingprob-
lems.

Let G (f ) andH (f ) bequerycomplexity measuresob-
tainedby maximizingoverall inputs—thatis,

G (f ) = max
X 2 Dom (f )

GX (f ) ;

H (f ) = max
X 2 Dom (f )

H X (f ) :

Call B � f 1; : : : ; ng a minimal block on X if B is sensi-
tive on X (meaningf

�
X (B )

�
6= f (X )), andno sub-block

B 0 � B is sensitive on X . Also, let X 's neighborhood
N (X ) consistof X togetherwith X (B ) for every minimal
blockB of X . ConsideraproofthatG (f ) = O (t (H (f )))
for somenondecreasingt. We call theproof local if it pro-
ceedsby showing thatfor everyX 2 Dom (f ),

GX (f ) = O
�

max
Y 2N (X )

�
t
�
H Y (f )

�	
�

:

As acanonicalexample,Nisan'sproof [12] thatC (f ) �
bs(f )2 is local. For eachX , Nisanobservesthat(i) amax-
imal set of disjoint minimal blocks is a certi�cate for X ,
(ii) sucha setcancontainat mostbsX (f ) blocks,and(iii)
eachblockcanhavesizeatmostmaxY 2N (X ) bsY (f ). An-
otherexampleof a localproof is ourproof in Section4 that

RC (f ) = O
�

QC (f )2
�

.

Proposition13 There is no local proof that C (f ) =

o
�

RC (f )2
�

or thatRC (f ) = o
�

bs(f )2
�

for total f .



Proof. The �rst part is easy:let f (X ) = 1 if jX j �p
n (wherejX j denotesthe Hammingweight of X ), and

f (X ) = 0 otherwise. Considertheall-zeroinput 0n . We
have C0n

(f ) = n � d
p

ne + 1, but RC0n

(f ) = O (
p

n),
andindeedRCY (f ) = O (

p
n) for all Y 2 N (0n ). For

the secondpart, arrangethe input variablesin a lattice of
size

p
n �

p
n. Take m = �

�
n1=3

�
, andlet g (X ) bethe

monotoneBooleanfunctionthatoutputs1 if andonly if X
containsa 1-square of size m � m. This is a squareof
1's that canwrap aroundtheedgesof the lattice; notethat
only thevariablesalongthesidesmustbesetto 1, not those
in the interior. An exampleinput, with a 1-squareof size
3 � 3, is shown below.

0 0 0 0 0
0 0 0 0 0
1 0 0 1 1
1 0 0 1 0
1 0 0 1 1

Clearly bs0n

(g) = �
�
n1=3

�
, sincetherecan be at most

n=m2 disjoint 1-squaresof sizem � m. Also, bsY (g) =
�

�
n1=3

�
for any Y that is 0 exceptfor a single1-square.

Ontheotherhand,if wechooseuniformlyatrandomamong
all such Y 's, then at any lattice site i , PrY [yi = 1] =
�

�
n� 2=3

�
. HenceRC0n

(g) = 

�
n2=3

�
.

6.3. Symmetric Partial Functions

If f is partial, then QC (f ) can be much smallerthan
Q2 (f ). This is strikingly illustratedby thecollision prob-
lem: let Y = (y1; : : : ; yn ) bea sequenceof integersin the
range

�
1; : : : ; n2

	
, eachof whichcanberetrievedby asin-

gle query. Let Col (Y ) = 0 if Y is one-to-one(eachyi is
unique),andCol (Y ) = 1 if Y is two-to-one(eachyi ap-
pearsexactly twice), underthepromisethatoneof theseis
thecase. ThenRC (Col) = QC (Col) = O (1), sinceev-
eryone-to-oneinputdiffersfrom every two-to-oneinputon
at leastn=2 of the yi 's. On the otherhand,Aaronson[1]
showedthatQ2 (Col) = 


�
n1=5

�
, andShi [18] improved

this to 

�
n1=3

�
, which is tight [7].

From the exampleof thecollision problem,it is tempt-
ing to conjecturethat (say)Q2 (f ) = O

�
n1=3

�
whenever

QC (f ) = O (1)—thatis, `if every0-input is farfrom every
1-input, then the quantumquery complexity is much less
thanlinear.' Herewe disprovethis conjecture,evenfor the
specialcaseof symmetricfunctionssuchasCol. (For a
�nite setH , we say that f : H n ! f 0; 1g is symmetric
if y1 : : : yn 2 Dom (f ) impliesy� ( 1) : : : y� ( n ) 2 Dom (f )
andf (y1 : : : xn ) = f

�
y� (1) : : : y� (n )

�
for every permuta-

tion � .)
Our proof usesthe following lemma,dueto Nisanand

Wigderson[14].

Lemma 14(Nisan-Wigderson) For any 
 > 1, there ex-
istsa familyof sets

S1; : : : ; Sm � f 1; : : : ; d
 neg

such thatm = 

�
2n=


�
, jSi j = n for all i , andjSi \ Sj j �

n=
 for all i 6= j .

Wewill alsoneedto adaptalemmaof Ambainis[2]. For
Z 2 f 0; 1gN , saythata multivariatepolynomialp(Z ) ap-
proximatesg (Z ) if (i) p (Z ) 2 [0; 1] for everyinput Z (not
merelythosein Dom (f )), and(ii) jp (Z ) � g (Z )j � 1=3
for everyZ 2 Dom (f ). Also, let � (N ; d) =

P d
i =0

� N
i

�
.

Lemma 15(Ambainis) At most 2O(�( N ;d)dN 2 ) distinct
Booleanfunctions(partial or total) can be approximated
bypolynomialsof degreed.

We cannow provethemainresult.

Theorem16 There existsa symmetricpartial f for which
QC (f ) = O (1) andQ2 (f ) = 
 (n= logn).

Proof. Let f : H n ! f 0; 1g whereH = f 1; : : : ; 3ng,
and let m = 


�
2n= 3

�
. Let S1; : : : ; Sm � H be as in

Lemma14. We put (y1; : : : ; yn ) in Dom (f ) if andonly if
f y1; : : : ; yn g = Sj for somej . ClearlyQC (f ) = O (1),
sinceif i 6= j theneverypermutationof Si differsfrom ev-
ery permutationof Sj on at leastn=3 indices.Thenumber

of symmetricf with Dom (f ) asabove is 2m = 2
 (2n= 3) .
We can convert any such f to a Booleanfunction g on
O (n logn) variables. But Bealset al. [6] showed that,
if Q2 (g) = T, theng is approximatedby a polynomialof
degreeat most2T. So by Lemma15, if Q2 (g) � T for
everyg then

2T � � (n logn; 2T) � (n logn)2 = 

�

2n= 3
�

andwe solve to obtainT = 
 (n= logn).

7. Open Problems

Is gdeg(f ) = 

� p

RC (f )
�

, wheregdeg(f ) is themin-

imum degreeof a polynomialapproximatingf ? In other
words,canonelower-boundQC (f ) usingthepolynomial
methodof Bealsetal. [6], ratherthantheadversarymethod
of Ambainis[3]?

Also, is R0 (f ) = O
�

RC (f )2
�

? If so we obtain

the new relationsR0 (f ) = O
�

Q2 (f )4
�

and R0 (f ) =

O
�

R2 (f )2
�

.



8. Acknowledgments

I thankRonalddeWolf for commentson themanuscript
andfor pointingout thatQE (f ) canbereplacedby Q0 (f )
in Theorem11;andUmeshVaziraniandAshwinNayakfor
helpfuldiscussions.

References

[1] S. Aaronson. Quantumlower bound for the colli-
sion problem, in Proc. ACM STOC'2002, pp. 635–
642,2002. quant-ph/0111102.

[2] A. Ambainis. A noteonquantumblack-boxcomplex-
ity of almostall Booleanfunctions,Inform.Proc.Lett.
71:5–7,1999. quant-ph/9811080.

[3] A. Ambainis. Quantumlowerboundsby quantumar-
guments,J. Comput.Sys.Sci.64:750–767,2002. Ear-
lier versionin STOC'2000. quant-ph/0002066.

[4] T. Baker, J. Gill, andR. Solovay. Relativizationsof
theP=?NPquestion,SIAMJ. Comput.4(4):431–442,
1975.

[5] C. Bennett,E. Bernstein,G. Brassard,andU. Vazi-
rani. Strengthsandweaknessesof quantumcomput-
ing, SIAMJ. Comput.26(5):1510–1523,1997. quant-
ph/9701001.

[6] R. Beals,H. Buhrman,R. Cleve, M. Mosca,andR.
de Wolf. Quantumlower boundsby polynomials,in
Proc. IEEE FOCS'98, pp. 352–361,1998. quant-
ph/9802049.

[7] G. Brassard,P. Høyer, andA. Tapp. Quantumalgo-
rithm for thecollisionproblem,SIGACTNews(Cryp-
tologyColumn)28:14–19,1997. quant-ph/9705002.
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